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Abstract
The a lgeb ra ic  r e a l i z a t i o n  of the quantum mechanical r o to r  by 
the  SU(3) -*• S0(3) algebra i s  inves t iga ted .  I t  i s  shown th a t  a 
hamiltonian b u i l t  from r o t a t i o n a l l y  invar ian t  funct ions  of SU(3) 
genera tors  reproduces the eigenvalues  of the  r o to r  hamiltonian. 
The equivalence of both models i s  e s tab l i shed  a lso  fo r  the 
quadrupole t r a n s i t i o n  r a t e s  and the D£ symmetry of the r o t o r .  The 
r e l a t i o n  between the SU(3) -*• S0(3) algebra and the nuclear  she l l  
model allows th e re fo re  a microscopic i n t e r p r e t a t i o n  of r o ta t io n a l  
motion as a many-partic le  e f f e c t .
x
Introduction
The beginning of modern nuclear  physics i s  marked by the
discovery of the neutron in 1932 (Cha 32). Shor tly  t h e r e a f t e r  
Heisenberg (Hei 32a, Hei 32b, Hei 32c) and independently Ivanenko 
(Iva 32) suggested th a t  atomic nuclei are b u i l t  from protons and 
neutrons.  Although i t  i s  now bel ieved th a t  these  nucleons have a 
quark s u b - s t ru c tu re ,  one can consider them fo r  many purposes as 
the elementary bui ld ing blocks of  mat ter .
Idea l ly  one would l ike  to c a lcu la te  a l l  nuclear  p roper t ie s  
from f i r s t  p r in c ip le s .  There are two main problems associa ted 
with t h i s  approach. The f i r s t  problem i s  th a t  the nuclear
in t e r a c t io n  does not have a simple form. Usually i t  i s  determined
by f i t t i n g  the parameters of a complicated p o ten t ia l  to  the data 
of a nucleon-nucleon s c a t te r in g  experiment. In add i t ion  t h i s
approach is  in p r in c ip le  not s u f f i c i e n t  to  completely specify  the 
nuclear  in t e r a c t io n .  The second problem is  t h a t  the nucleon-
nucleon in t e r a c t io n  required to reproduce the r e s u l t s  of  a
s c a t te r in g  experiment i s  v a s t ly  d i f f e r e n t  from the one ins ide  the 
nucleus due to  the presence of o ther  nucleons and i t  i s  d i f f i c u l t  
to account fo r  the exact form of the d i f fe rence  (Bar 69).
In order  to  avoid these  problems p h y s ic i s t s  have invented
numerous models t h a t  do not involve the d e ta i l ed  form of the 
in t e r a c t io n .  There are two p reva i l ing  ideas about the  nature  of 
nuclear  motion. One emphasizes the c o l l e c t i v e  aspects  while the 
o the r  concentra tes  on the independent p a r t i c l e  behavior.
C o l lec t ive  phenomena requ ire  the coherent motion of several
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(or many) nucleons. Nuclear f i s s io n  i s  such an example. In t h e i r  
i n i t i a l  work N. Bohr and J .  Wheeler explained f i s s io n  (BohWhe 39, 
HilWhe 53) by using the analogy of a c l a s s i c a l  l iqu id  drop. This 
analogy implies th a t  nucleons are so s trongly  in t e ra c t in g  th a t  the 
system can be described by a few c o l l e c t iv e  parameters and hence 
the s ing le  p a r t i c l e  s t ru c tu re  becomes n e g l ig ib le .  Later A. Bohr 
and B. Mottelson based the geometrical model (BohMot 53, BohMot 
75) on s im i la r  assumptions. The nucleus i s  considered as a 
continuous object  t h a t  has v ib ra t iona l  and r o ta t io n a l  degrees of 
freedom. Exc i ta t ion  spect ra  confirming these  assumptions are 
indeed found fo r  many nucle i .
On the o ther  hand there i s  data which shows th a t  neutrons and 
protons move almost unperturbed on s ingle  p a r t i c l e  o r b i t s  ins ide  
the nucleus. These r e s u l t s  led to  the development of the nuclear  
she l l  model by Mayer, Jensen, Haxel and Suess (May 49, Hax 49) 
which is  analogous to the atomic she l l  model.
Since then there  have been var ious approaches to  unify these  
apparently  very d i f f e r e n t  aspects  of nuclear  motion (Nil 55).  I t  
is  the in ten t io n  of t h i s  work to show how r o ta t io n a l  e x c i t a t io n s  
can be understood within the shell  model. The study wil l  be 
confined to  even-even nuc le i .  In the f i r s t  chapter  the groundwork 
is  done by introducing the d i f f e r e n t  nuclear  models. Subsequently 
the concepts involving dynamical symmetries in physics and a r t  are 
presented.  I t  wil l  then be demonstrated th a t  the hamiltonian of 
the asymmetric ro to r  can be r e la ted  to  a model hamiltonian 
constructed from r o ta t i o n a l ly  invar ian t  functions  of  SU(3)
3
genera to rs .  The success of t h i s  mapping i s  i l l u s t r a t e d  by many 
examples for  eigenvalues , t r a n s i t i o n  r a t e s  and i n t r i n s i c  
symmetries. In the conclusion,  the physical implication of the 
mapping and prospects  of fu tu re  research are d iscussed.
In t h i s  work the emphasis wil l  be on nuclear  ro ta t io n a l  
motion. Although t h i s  rep resen ts  an important mode, i t  is 
nonetheless  only a small par t  of the very complex nuclear  
r e a l i t y .  Other experimental r e s u l t s  may requ ire  d i f f e r e n t  models, 
or d i f f e r e n t  models may lead to s im i la r  r e s u l t s .  Even with a l l  
the progress made in the l a s t  f i f t y  years ,  our understanding of 
the nucleus is s t i l l  r a th e r  l imited.
1. C o llec tiv e  and s in g le  p a r tic le  aspects o f nuclear motion
1.1 The d escrip tion  of deformed nuclei
We wil l  be i n t e r e s t e d  mainly in nuclear  ro ta t io n a l  motion.
Stimulated by the experimental evidence th a t  t h i s  is  an important 
e x c i t a t i o n  mode, A. Bohr and B. Mottelson developed the
geometr ical model of the nucleus.  The nucleus is  p ic tured  as a 
continuous object  having a wel l -def ined  su rface  with v ib ra t io n a l  
and r o ta t io n a l  degrees of freedom. In the  geometrical model,
nuclei can acquire  a deformed equi l ibr ium shape, an idea which was 
o r ig i n a l l y  introduced by Rainwater (Rai 50, FeeHam 51). I f  the 
d ev ia t ions  from s p h e r i c i ty  are small the nuclear  su rface  is  given 
by a quadrupole expansion:
2  *
R ( e , o )  = Rn [ l  + I a Y? ( 9 , 4 , ) ]  ( 1. 1)
li=-2 V
R0= r 0 A1 / 3  r Q= 1.2 fm (1.2)
The f iv e  parameters a def ine  the  shape of the  nucleus and hence
M’
a change in these  parameters descr ibes  a change in the shape. 
Since the  radius  R is  r e a l ,  they obey the r e l a t i o n s  a* = ( - l ) ^ aM’ |J»
and form the  components of a rank 2 te n so r .  The hamiltonian of
the nuclear  system is  cons truc ted  from these  parameters and t h e i r  
t ime d e r iv a t iv e s  or conjugate  momenta. A l t e r n a t iv e ly ,  the surface  
expansion can be done in the  body-fixed frame th a t  is  r e la ted  to 




where D is  a ro ta t io n  matrix and n denotes the th re e  Eulerpv
angles t h a t  specify the o r ie n ta t io n  of the i n t r i n s i c  frame with 
re spec t  to the lab frame. The pr inc ipa l  axis  frame i s  defined by 
the r e l a t io n s  a^= and uj= a pO . The nonzero parameters
are commonly redefined as:
Uq = 6 COSy
h .u2= 2 2e siny
( 1 .4 )
( 1 .5 )
I t  can be shown th a t  only two independent r o ta t io n a l  s c a la r s  in 
these  parameters e x i s t ,  namely:
(a x a ) °  = e2 /  5h ( 1 .6 )
(a X a x a)°= -  63C0S3y (2 /3 5 )^  ( 1 .7 )
The p o ten t ia l  energy in a hamiltonian has to be a polynomial in 
these  q u a n t i t i e s .  From the f i r s t  of these  equat ions one
recognizes the physical in t e rp r e t a t i o n  of 6  as a measure fo r  the 
t o t a l  deformation of the nucleus ( 0  < e < «,), while y gives  the
devia t ion  from axial symmetry. The numerical values fo r  y can
0 0 0 
be r e s t r i c t e d  to 0 < y < 60 . For y=0 the nucleus has a
0
p ro la te  shape, while for  y=60 i t  has an ob la te  shape. These
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r e l a t io n s h ip s  are i l l u s t r a t e d  in Figure 1.1. The geometrical 
model has been extended in a v a r ie ty  of ways s ince the i n i t i a l  
work of Bohr and Mottelson. However, the ideas descr ibed in t h i s  
paragraph remain va l id  fo r  a l l  the extensions (Fae 65).
1.2 Quantum mechanics of the rotor
The ro to r  has always a t t r a c t e d  the a t t e n t io n  of p h y s ic i s t s .  
The r e s u l t s  of the c l a s s i c a l  mechanics of the ro to r  are summarized 
in a r a th e r  complete fashion by Sommerfeld and Klein (KleSom). 
After  the new quantum mechanics had been developed by Heisenberg 
(Hei 25, BorJor 25, Bor 26, Dir 26) and Schrodinger (Sch 26a, Sch 
26b, Sch 26c, Sch 26d) the ro to r  was among the f i r s t  problems to 
be tack led  by t h i s  technique.  At f i r s t  the symmetric case was 
considered by a v a r ie ty  of authors  (Den 26, ReiRad 26, KroRab 27, 
Man 27),  and sh o r t ly  t h e r e a f t e r  the asymmetric r o to r  (Wit 27, Wang 
29, K ra l t t  29a, K ra l t t  29b, K ra l t t  30) was t r e a t e d .  Both 
Heisenberg 's  and Schrodinger1s approaches were used to solve the 
problem. For example, Kramers and Ittmann solved the Schrodinger 
equation fo r  the asymmetric ro to r .  Meanwhile 0. Klein (Kle 29) 
demonstrated t h a t  Heisenberg 's  matrix mechanics leads  to  a much 
simpler  t rea tment .  His work was l a t e r  extended by Ray (Ray 32), 
and e s p ec ia l ly  by H. B. G. Casimir,  whose t h e s i s  provides an 
e x c e l le n t  d esc r ip t io n  of the quantum mechanics of the ro to r  (Cas 
31).  The ear ly  physical ap p l ica t ions  were in the f i e l d s  of atomic 
and molecular physics (Mul 41, TowSha 55).
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J = 6 0 °  oblate shape ~  (earth)
asymmetric
shapes
1 = 0 °  prolate shape 
{ american football)
Figure 1.1.  The r e l a t io n s h ip  between the shape parameters of 
the geometrical model and the deformation is  i l l u s t r a t e d .
8
The hamiltonian of a general ro to r  is  given by:
HASR E V a
where A = 1/26 are the i n e r t i a  parameters with the conventiona a
A p  A2< Â  and I are the p ro jec t ions  of the angular momentum
operator  I along the a -  ax is .  There are 3 ! = 6  ways to  assign
(x ,y ,z )  to (1 ,2 ,3)  . The d i f f e r e n t  choices and t h e i r  labe ls  are
given in Table 1.1.  The commutation ru les  fo r  the I d i f f e r
3  a
from those for  the appropria te  lab frame operators  by a minus 
sign:
1 , 1 1 =  - i e  „ I (1.8)a d a^Y y
and
L ,L ] = ie L (1.9)
a p a&Y Y
I f  the shape is  given by a quadrupole surface the i n e r t i a  
parameters can be r e la ted  to the shape v a r iab les :
6^ ~ S^Sin^(Y -  n a) ( 1 . 1 0 )
These r e s u l t s  are i l l u s t r a t e d  in Figure 1.2 Another name fo r  the 
geometrical model is  hydrodynamical model, because the moments of
9
Table 1.1 The poss ib le  assignments of x .y .z  to  Aj.A2 .A3  .
The su p e r s c r ip t s  r e fe r  to l e f t -  and right-handed 
coordinate  systems.
I r I 1 I I r I I 1 I I I r i n 1
X a2 A1 A1 A3 A3 A2
y ai a2 A3 A1 A2 A3
z fl3 A3 A2 A2 A1 A1





















Figure 1.2 . The moments of i n e r t i a  in the geometrical model 
are  shown as a func t ion  of the  parameter y .
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i n e r t i a  of  a l iqu id  drop are in f i r s t  order  equal to  those of a 
body with a quadrupole-surface.
The asymmetry parameter ►. is  defined as 
k -  (2A2- Aj- a 3 )/(A.j- A^) . The l im i t ing  values k =-1 (+1) 
describe  a p ro la te  (obla te)  symmetric top while < = 0  i s  c a l le d  the 
most asymmetric case.  I t  should be emphasized th a t  < r e f e r s  to 
the i n e r t i a  e l l i p s o i d  and not d i r e c t l y  to the shape of an 
o b jec t .  Only i f  addi t ional  assumptions are made concerning the 
nature of the ro ta t io n a l  flow, fo r  example r ig id-body-  or  l iq u id -  
d ro p - l ik e ,  can one r e l a t e  moments of i n e r t i a  and shape parameters 
a lg e b ra ic a l ly .  An example of the d i f fe rence  between the  two 
concepts is  provided by the  geometrical model. The graph in
Figure 1.2 ind ica tes  th a t  the i n e r t i a  e l l i p s o i d  i s  ob la te  fo r
0
y =30 , while Figure 1.1 shows an asymmetric s hape  f o r  t h i s  
parameter value.
The eigenvalues of are given by:
Er  \  ( a i +a3> i ( i+1)  + \  e! (k) (1 - n )
The quant i ty  E*(k) i s  a universa l  funct ion  which is  determined 
numerically and has been tabu la ted  by var ious  au thors .  The 
quan t i ty  i i s  used to d i s t in g u ish  s t a t e s  with the same I 
value. In the l im i t ing  cases of a p ro la te  (k=-1; Aj=A2 ) and an 
ob la te  (k—1 , A^=A^) top ,  the hamiltonian i s  diagonal with 
eigenvalues :
12
Esym= Aj K I . I )  + ( A j - f l j ) ^  («=-l)  (1.12)
ESYM“ A3><1+1> '  (A3-A2 )Ko (k=1) ( l a 3 )
where Kp> 0  is  the eigenvalue of the p ro jec t ion  of the angular  
momentum I onto the i n t r i n s i c  synmetry ax is .  The subsc r ip ts  
r e f e r  to  p ro la te  and o b la te ,  r e sp ec t iv e ly .  For each K-value there  
e x i s t s  an i n f i n i t e  s e r i e s  of leve ls  with an 1 ( 1 +1 ) -  spacing, 
which i s  commonly re fe r red  to  as a r o ta t io n a l  sequence. S ta tes  
with the same K value are members of a ro ta t io n a l  band. In Figure
1.3 a generic  spectrum shows the q u a l i t a t i v e  behavior of  the 
energy leve ls  as a funct ion of the asymmetry parameter.  Only in 
the  l im i t ing  cases of a p ro la te  and an ob la te  top is  K a good 
quantum number. As shown in Figure 1.3,  leve ls  in between are 
l abe l led  by both l im i t ing  K values . The bands are reorganized 
when the asymmetry parameter changes from - 1  to +1 , a level t h a t  
i s  a member of the K=0 band in the p ro la te  l im i t  belongs to  a 
d i f f e r e n t  band in the ob la te  l im i t .
As f i r s t  recognized by Ray, HÂ R is  in v a r ia n t  under u 
r o ta t i o n s  about the p r inc ipa l  axes. This means in more formal 
terms th a t  the hamiltonian commutes with the r o ta t i o n  operators  
Tq= ex p ( iu la ) .  The se t  of opera tors  (E, T^, T^, T^ } forms the 
Vierergruppe (D2 ) where E denotes the id e n t i t y  opera to r .  The f a c t  
t h a t  the  hamiltonian has D2  symmetry leads to  some important 
consequences. The Vierergruppe has four symmetry c la s se s  as shown 







- 1.0 QO IO
K
Figure 1.3. The behavior of the energy leve ls  as a funct ion  of 
the asymmetry parameter
14
Table 1.2 The e ig en s ta te s  of  the asymmetric ro to r  are c l a s s i f i e d  
according to  the Vierergruppe (D2 ).
Symmetry Transformation Index Dimension
Type E T1 T2 T3 x v I(even) I(odd)
A 1 1 1 1 e e I ( I+2) /2 ( I - l ) / 2
B3 1 - 1 - 1 1 0 e 1 / 2 ( I+ l ) /2
b2 1 - 1 1 - 1 0 0 1 / 2 ( I+ l ) /2
B 1
1 1 - 1 - 1 e 0 1 / 2 ( I+ l ) /2
15
symnetry the hamiltonian matrix becomes block diagonal with four 
blocks. Kramers and Ittmann showed tha t  the eigenfunctions  of the 
ro to r  are the Lame functions  and th a t  these break up in to  four 
se ts  although the authors  did not recognize the D2  symmetry of the 
hamil tonian.  Instead of using the very complicated Lame functions  
one can c a lcu la t e  the matrix elements of in a simpler bas is
and d iagonal ize  i t  numerically .  A convenient choice fo r  the bas is  
are the eigenfunctions of the syiranetric ro to r :
the o r ie n ta t i o n  of the lab frame with respect  to the body-fixed 
frame of the r o to r .  The prime ind ica tes  th a t  the summation is 
over even or odd K values only. The values of the c o e f f i c i e n t s  C 
have to  be determined numerically.  Also, x can be even or  odd 
while y is  even fo r  even K and odd fo r  odd K. In the 
t r a d i t i o n a l  work on the ro to r  the labe ls  x and y are 
replaced by the s ingle  quant i ty  y=x+y+I . We choose the above 
convention with respec t  to l a t e r  developments. Also the p a r i ty  of 
and yasr is  simply given by n=x+y. The label v is  a running 
index to d i s t in g u ish  s t a t e s  with the same values of  (xy) and I .
There are several useful r e s u l t s  th a t  follow as a consequence 




■>* <  + ( - D X+U+ID i .K) d . 1 4 )2
16u (l+e^Q)
(1 .15 )
Here ^ K(u) denotes a D function where the Euler angles specify
16
example, the well-known sum ru le  fo r  the energies  E ^ + ^22~  ^ 3 ' 
That i s ,  the sum of the energies  of the 1=2 s t a t e s  i s  equal to  the 
energy of the 1=3 s t a t e .  This is  a specia l  case of the  general 
r e s u l t :
Expressions fo r  the t ra c e s  of the submatrices can be given in
closed form and are summarized in Table 1.3. With the help of
these  r e s u l t s  the centroid e=d"Hr(H) and the variance 
2 - 1  2
a = d T r ( H - e )  can be ca lcu la ted  for  the A-type symmetry:
1.3 Nuclei with ro ta t io n a l  s t r u c tu re
There are three  main regions in the per iod ic  t a b l e  where
ro ta t io n a l  behavior is  observed: The l ig h t  nuclei with 
16 < A < 28 , the rare  ear th  region,  and the a c t in id e  reg ion .  The
nuclei in these regions have been the t e s t i n g  ground fo r  a v a r i e ty
of models (Asp 82, Gro 81, SchGel 80, Meg 81, War 81, Ars 69,
Got72).
Nuclei are considered ro ta t io n a l  when the level spectrum can
(1.17)




Table  1 . 3  A lg e b r a i c  e x p r e s s i o n s  f o r  t he  t r a c e s  o f  HASR . The f u l l  ma tr ix  
1s d iv i d e d  Into  f o ur  su bm atr ic es  a cc o r d in g  t o  t h e  V ie r er g ru p p e .
Symnetry
Type u  . Tr(HASR I ( ev e n ) I ( o dd )
A I ( I + 1 ) ( I + 2 ) S I ( I - 1 ) ( I + 1 ) S
B3 I ( I - 1 ) ( I + 1 ) S  + I ( I + 1 ) S 3 I ( I + 1 ) ( I + 2 ) S  - I ( I + 1 ) S 3
b 2 I ( I - 1 ) ( I + 1 ) S  + I ( 1 + 1 )S 2 I ( I + 1 ) ( I + 2 ) S  - I ( I + 1 ) S 2
B1 I ( 1 - 1 ) ( I+1)S + 1 (1 +1 )$ ! I ( I + 1 ) ( I + 2 ) S  - 1 ( 1 + 1 ) $ !
I 21(  1+ 1) (2I+ 1)S 2 1 ( 1 + 1 ) ( 2 I + 1 )S
S=(A1+A2+A3 ) / 6  S i =Ai / 2
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be f i t  by the ro to r  hamil tonian,  . Before showing some 
examples of t h i s ,  cons ider  the nuclear  problem in some d e t a i l .  
The hamiltonian of the nucleus with A nucleons must be a funct ion  
of 3A coordinates  and 3A momenta, t h a t  i s  H = H(x.,  p^) . The 
occurrence of ro ta t io n a l  spec tra  ind ica tes  t h a t  the nuclear  
hamiltonian separates  into two p a r t s :
H = HASR + HINT (1-19)
Here Hj NT descr ibes  i n t r i n s i c  degrees of freedom, t h a t  i s ,  the 
modes as ide from the c o l l e c t i v e  p a r t .  In the phenomenological 
model there  is  no attempt fo r  a de ta i led  in v e s t ig a t io n  of t h i s  
p a r t .  The e ig e n s ta te  of (1.19) is  a product wavefunction:
* $ASR XINT (!*20)
The label a ind ica tes  th a t  the r o ta t io n a l  p a r t  of the 
wavefunction can depend on the i n t r i n s i c  s t a t e .  Consider,  fo r  
example, the p a r i ty  of the product funct ion .  The p a r i ty  of the 
r o ta t io n a l  wavefunction depends on the c l a s s  of  the 
Vierergruppe. I f  the i n t r i n s i c  s t a t e  i s  an e ig e n s ta te  of p a r i t y ,  
t h a t  i s  71^= ± 1 , then the p a r i ty  of the t o t a l  nuclear  wavefunction 
can be pos i t ive  or negat ive fo r  any c la s s  of D2 . A p ra c t i c a l  
consequence i s  th a t  one has to  be concerned only with the  level  
sequence, the r ig h t  p a r i ty  assignments can always be made by 
choosing the i n t r i n s i c  s t a t e  appropria te ly .
19
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As an example we consider  Mg from the f i r s t  region.  The 
lowest two bands can be f i t  by with the parameter values 
Ax= 195.75 keV , Â = 195.3 keV and Az= 848.5 keV which gives an 
asymmetry parameter k = -0.998 . This value fo r  the asymmetry 
parameter ind ica tes  an almost p ro la te  i n e r t i a  e l l i p s o i d .  In order  
to c a lc u la t e  the ro ta t io n a l  spectrum we made the choice 
(A > A > A ) , t h a t  is  we used the coordinate system Ir  in the
Z X y
nota t ion  of Table 1.1. The experimental spectrum and the 
p red ic t ions  from the ro to r  are presented in Figure 1.4.
The ro ta t io n a l  s t r u c tu re  is  much b e t t e r  developed fo r  heavy
168nuclei as the example Er in Figure 1.5 shows. There are many 
bands below 2 MeV tha t  have a level spacing proport ional  to
1(1+1). From these  r e s u l t s  we not ice  c e r t a in  f e a tu r e s .  The
ground band (gb) is  b u i l t  on a Q+ s t a t e  and contains only even I 
values .  For o ther  bands t h a t  begin with an 1*0 s t a t e  no such 
r e s t r i c t i o n s  are observed. This fea tu re  i s  the same fo r  a l l  even- 
even nuclei th a t  d isp lay  ro ta t io n a l  s t r u c tu r e  and s ince only the  A 
c l a s s  conta ins  a 1=0 s t a t e ,  the A c la s s  i s  usual ly  used f o r  the
d esc r ip t io n  of even-even nuc le i .  In the simplest version of  the
Bohr-MotteIson (BM) model the nucleus has an axial (y=0°) 
equi l ibr ium shape. In t h i s  case K must be zero.  For K=0 only 
even I values are poss ib le  because h,^ym vanishes fo r  odd I 
values .  The excited bands with K*0 en te r  in the BM p ic tu re  by 
allowing fo r  y v ib ra t ions  which dynamically des troy  the axial 
symmetry. On the o ther  hand, assuming a s ta b le  t r i a x i a l  shape 






























Figure 1.4. Experimental spectrum of Mg and the r e s u l t s  of a 













Figure 1.5.  Low energy spectrum of 1 6 8 Er, showing several  
ro ta t io n a l  bands.
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v ib ra t io n s .  The examples show the importance of c o l l e c t i v e  
f ea tu re s  for  nuc le i ,  tha t  i s ,  a m u l t i - p a r t i c l e  system can 
apparently  be described by a few parameters,  ind ica t ing  a s t rongly  
co r re la ted  motion of many nucleons.
1.4 The rotor -  a d i f ferent  view
Before considering the shel l  model and a lgebra ic  methods in 
more d e t a i l ,  the ro to r  hamiltonian will  be given in a d i f f e r e n t  
form. The t r a c e l e s s  mass quadrupole opera tor  is  defined by:
The quan t i ty  p denotes the nuclear  mass dens i ty  and the
opera to rs .  The eigenvalues of t h i s  opera to r ,  x. ( i = l , 2 , 3 ) ,  are 
cons tra ined  by x^+ x2+ x3=0 . Qc measures the dev ia t ion  of an
ob jec t  from sp h e r ic i ty .  I f  the ro ta t io n a l  flow i s  r ig id -b o d y - l ik e  
the re  i s  a simple r e la t io n s h ip  between t h i s  operator  and the 
i n e r t i a  tensor :
case the eigenvalues of the i n e r t i a  tensor  ( 6 ^) are r e l a t e d  to 
those of the quadrupole operator  by 6 ^= ( 5  -  *a ) /3  . I f  the  
r o to r  i s  not r ig id -body- l ike  the r e l a t io n  i s  more complicated and
( 1 . 21)
s u p e rsc r ip t  "c" is  appended to denote c o l l e c t i v e  model
( 1 . 22)
Then U «oB- where t  = 2 /  P(r)  r 2 d3r  . In t h i s
23
can usually  not be given in ana ly t ic  form.
Consider the following ro ta t io n a l  s c a la r s :
j2=  I  l l  = l \ + 4 + l \  ( 1 ‘ 23)a
X3 = I ‘ X e V  ‘ l ' l *  hlb ‘ s i  d - 2 4 )
a , B
XS = I “ ili* 4lb 44 d - 25'a . 6 , Y
Since these  operators  are sca la r s  they can be evaluated in the 
frame where Q^e= • The above equations  present  a l in e a r
r e l a t i o n  between two se ts  of va r iab les  so t h a t  i t  i s  poss ib le  to
2  2  c cexpress  the I q in terms of I , Xg, and X^:
I 2  = ( x x  I 2+ x Xo + X^)/(2x2+ x x  ) (1.26)a ' 6  y a o  4  a 6  y '  '
(“ .B.v) < permutation > d - 2 , 3 )  (1.27)
Therefore can be r ew r i t t en  as
Vx+ Vy+ Az ’ z s HASR 5 ^  + bX§ + cXS (1.28)
a = J1 a A a = x.x / (2 x 2+ x x ) (1-29)L‘ a a a S y a 6 y ' 'a
b = y b A b = x / ( 2 x2+ XX ) (1.30)




This rew ri t ing  of the hamiltonian is exact and w il l  prove very 
useful l a t e r  in f inding the a lgebra ic  foundation of the r o to r .
1.5 B(E2) t r a n s i t i o n  r a t e s  in  the  r o to r  model
The eigenfunct ions  th a t  r e s u l t  from a d iagona l iza t ion  of HA$R 
can be used to  c a lc u la te  various t r a n s i t i o n s  r a t e s .  I t  has been 
found th a t  e l e c t r i c  quadrupole (E2) t r a n s i t i o n s  are very strong 
fo r  nuclei with ro ta t io n a l  ex c i ta t io n  spec t ra .  This is  another 
in d ic a to r  fo r  the co r re la te d  motion of many nucleons. The 
p ro b a b i l i ty  fo r  an E2 t r a n s i t i o n  with energy E i s  given by:
The actual  quan t i ty  of i n t e r e s t  is  the reduced t r a n s i t i o n
p ro b a b i l i ty  B(E2,I-*I ) which is  defined fo r  the asymmetric ro to r  
model as:
T(E2,UI ) = 225 |d 'tdc'
1 2 n 1 /_E,5
£  ( t£)  B(E2,I .I  ) (1.32)
The parameters kQ= Qq , k^= ^  [q|+ Q ^ l  and r  = /2 are
re l a t e d  to the e l e c t r i c  quadrupole moment which i s  def ined in 
spher ica l  form as:
25
Q*- d 3  r  O ' 34)
Here pg r e fe r s  to the charge dens i ty .  Therefore, Qe i s  in 
genera l ,  d i f f e r e n t  from the previously  defined mass-quadrupole 
opera to r .  The B(E2) r a te s  can be given e x p l i c i t l y  in terms of the 
c o e f f i c i e n t s  The general r e s u l t  i s  derived in Appendix
A. For A-type symmetry t h i s  y ie ld s  (Mai 61):
2 | < 2
B(E2,n2+0) = ---- -  [Cn 2  + rCn « ] 2  (1.35)
5
B(E2,n2*m2) = 2-  e2 k2  [2C1 2  C1 2  + r [ (C 12) 2- (C12) 2 ] (1.36)
The labe ls  x and y have been suppressed in t h i s  case.  These 
and s im i la r  r e s u l t s  can be used to  der ive  various r e l a t i o n s  
between B(E2) r a te s  l ik e :
B(E2,I 2-0) = | |  B(L2,1 3- 2 2) = B(E2,1 5 - 1 3) (1.37)
B(E2,2 2-0) = | |  B(E2,1 3 - 1 2) = | | |  B(E2,2 5 - 1 3) (1.38)
In Figure 1.6 the branching r a t i o  fo r  B(E2,1 2+0)/B(E2,2 2^^2) is  
p lo t t ed  as a function of r  fo r  d i f f e r e n t  asymmetry parameters .  
Under the add i t ional  assumption of a quadrupole surface kQ, k2  and
26
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Figure 1 .6 .  Resul ts  fo r  the B(E2) branching r a t i o  in the general 
case (continuous l ines)  and fo r  the geometrical model (dashed 
l i n e ) .
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r  can be given in terms of the shape va r iab les  6  and y :
kQ~ ecosy (1-39)
1
k,  — h s i n ( (1-40)
c K 2
r  = tany (1.41)
Inse r t ing  these  values in to  the formulas fo r  the B(E2) r a t e s  
y i e ld s  the dashed l ine  in Figure 1.6. The l a s t  example 
demonstrates again the two d i f f e r e n t  model leve ls  t h a t  are 
involved. The eigenvalues of the system depend on the moments of 
i n e r t i a  while the B(E2) r a te s  depend on the shape. The r e l a t i o n  
between shape and moments of i n e r t i a  requires  add i t iona l  model 
assumptions, for  example the assumptions provided by the 
geometrical model.
The two l im i t ing  cases fo r  ro ta t io n a l  flow are the r ig id  
ro to r  and i r r o t a t i o n a l  flow. The question a r i s e s  whether a 
nucleus can be understood in terms of one of these  l im i t ing
cases .  The answer, which can be in fe rred  from Figure 1 .7 ,  is
no! There the ca lcu la ted  moments of i n e r t i a  are compared with the 
experimental r e s u l t s .  The l a t t e r  are determined from the 
e x c i t a t io n  energy of the lowest 1 = 2  s t a t e  with respec t  to  the 
ground s t a t e  under the assumption ERqT= ( 1/26q) 1(1+1) . We
observe th a t  n e i the r  model describes  the observed values .  This
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Figure 1 .7 .  Comparisons fo r  the moments of i n e r t i a  from 
experiment with the r e s u l t s  of the geometrical model and the r i g i d  
ro to r  hypothesis .  The l a t t e r  would be a l ine  p a r a l l e l  to y -ax is  
a t  y=l and i s  not shown here .
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the q u a l i t a t i v e  understanding of a nucleus but i s  too naive to 
account fo r  the q u a n t i t a t iv e  d e t a i l .  To give an exact account fo r  
the magnitude of the moments of i n e r t i a  from f i r s t  p r in c ip l e s  one 
has to consider  the p a r t i c l e  s t ru c tu re  of the nucleus and the 
de ta i l e d  form of the in ternuc leonic  forces  (Mos 57).
1.6 The she l l  model
The e lec t rons  in an atom move in the s ingle  p a r t i c l e  o r b i t s  
t h a t  correspond to the energy levels  of an a t t r a c t i v e  Coulomb 
p o t e n t i a l .  The repuls ion  between the e lec t rons  i s  comparatively 
weak and can be t re a te d  as a p e r tu rba t ion ,  which accounts fo r  the 
success of the independent p a r t i c l e  p ic tu re  of the e l e c t ro n ic  
motion. The s in g l e - p a r t i c l e  leve ls  group together  in so -ca l led  
s h e l l s .  The energy separat ion between the leve ls  of a she l l  is  
small compared to  the separat ion between d i f f e r e n t  s h e l l s .  A 
p a r t i c u l a r  atom is  b u i l t  by f i l l i n g  e lec t rons  in to  the  s ing le  
p a r t i c l e  leve ls  according to the Pauli  p r in c ip l e .  A conf igura t ion  
where the e lec t rons  occupy a l l  l eve ls  of a she l l  i s  expected to  be 
p a r t i c u l a r l y  s tab le  because i t  takes  a r e l a t i v e l y  la rge  amount of 
energy to  exc i te  an e lec t ron  into the next o r b i t .  This i s  the 
s i t u a t i o n  fo r  the ra re  gases Helium, Neon, Argon, e t c . ,  which are 
very i n e r t  to  chemical r eac t io n s .  On the o ther  hand the re  are the 
a lk a l i  elements which are extremely r e ac t iv e .  In the she l l  model 
p ic tu re  these atoms have one e lec t ron  outs ide  one or  several 
closed s h e l l s .  This e lec t ron  is only weakly bound which explains  
the  high r e a c t i v i t y  of these elements.
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In nuclear  physics evidence began to  accumulate in the l a t e  
1940's th a t  she l l  s t r u c tu re  plays a ro le  for  the atomic nucleus 
a l so .  I t  was found tha t  the re  e x i s t  nuclei t h a t  play a ro le  
s im i la r  to  the r a re  gases in atomic physics.  These nuclei have 
proton or neutron numbers 2, 8 , 20, 50, 82 and 126. These numbers 
are re fe r red  to as magic numbers. Below we give a non-exhaustive 
l i s t  of the p roper t ie s  of the nuclei with magic numbers.
i)  Nuclei th a t  have magic N or Z values show anomalous large 
binding energies  as compared to the smooth p red ic t io n s  from the 
Weizsacker Mass formula.
i i )  The binding energy of the l a s t  nucleon i s  very large fo r  the 
magic nuclei as compared to  the neighboring nuc le i .
i i i )  The binding energies  of the 9 th ,  51st and 83rd neutron in
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0, ° Kr, and J Xe, re sp ec t iv e ly ,  are small.
iv) The abundance of nuclei with magic N and Z values i s  much 
la rge r  than fo r  nuclei with non-magic numbers. This in d ic a te s  a 
g rea t  s t a b i l i t y  agains t  decay.
I f  a she l l  s t ru c tu re  fo r  the nucleus is  v a l id ,  then the  magic 
nuclei r e s u l t  when a shell  i s  completely f i l l e d .  This i s  s im i la r  
to the case of the ra re  gases in atomic physics .  Nuclei with one 
nucleon outs ide  a closed she l l  l ik e  the examples in i i i )  are  thus 
the nuclear  equiva lents  to the a lk a l i  metals.
In the atomic case a she l l  s t ru c tu re  r e s u l t s  from the 
so lu t ion  of the Schrodinger equation fo r  a group of non­
in te ra c t in g  p a r t i c l e s  in a cen tra l  p o t e n t i a l .  The reason fo r  the 
in d ep en d en t -p a r t i c le - l ik e  behavior of nucleons has an e n t i r e l y
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d i f f e r e n t  o r ig in .  From sc a t te r in g  experiments i t  is  known tha t
the nuclear  in te ra c t io n  i s  comprised of two p a r t s .  At short
d is tances  when r<0.4fm there  e x i s t s  an i n f i n i t e l y  repu ls ive
core.  For d is tances  of 0.4fm<r<1.3fm the p o te n t ia l  is
a t t r a c t i v e .  I t  can be shown tha t  a t  d is tances  t h a t  equal the
separa t ion  of nucleons in a nucleus the wavefunction i s  almost
s i n g l e - p a r t i c l e  l ik e .  Only at small d i s tan ce s ,  due to the
s trongly  repu ls ive  core , does i t  deviate  from the f r e e - p a r t i c l e
value.  The physical reason behind th i s  behavior i s  the Pauli
p r in c ip l e .  When the nucleus is  p ic tured  as a fermi gas ,  a l l
leve ls  up to the fermi energy are occupied. In absence of o ther
p a r t i c l e s  two nucleons with momenta k and k„ would 
r  a 6
in t e r a c t  and perform a sca t te r in g  in to  s ta t e s  with k^ and 
k6 . But t h i s  s ca t te r in g  is  not poss ib le  because the s t a t e s  with 
k^ and kfi are al ready occupied by o ther  p a r t i c l e s .  Only a t 
small d i s tan ce s ,  when the  strong repu ls ive  i n te r a c t io n  is  
e f f e c t i v e ,  is  i t  possib le  tha t  the nucleons are s c a t te re d  to
s t a t e s  above the fermi energy. This p ic tu re  g ives ,  of course ,  
only a q u a l i t a t i v e  understanding of the e f f e c t .  An important 
d i f fe ren ce  between a nucleus and a fermi gas is  t h a t  the l a t t e r  
does not have a surface  (BalPau 77).  The o ther  important
ingred ien t  of the shel l  model i s  the exis tence  of  a cen t ra l
p o t e n t i a l .  In con t ras t  with the atomic case there  is  no obvious 
cen te r  of  force in the nucleus. I t  is  assumed th a t  the a t t r a c t i v e  
nucleon-nucleon in te ra c t io n s  can be replaced by an average 
p o t e n t i a l .  The actual  form of the po ten t ia l  should be determined
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from a s e l f - c o n s i s t e n t  c a lc u la t io n ,  but since t h i s  i s  a r a th e r  
d i f f i c u l t  task  one uses phenomenological p o te n t i a l s  in s tead .  
Various p o te n t i a l s  have been used to  reproduce the magic numbers, 
l ike  the wine-bo t t le  p o t e n t i a l ,  the i n f i n i t e  spherical  w el l ,  or 
the f i n i t e  spherical  well .  A hamiltonian which is  f requen t ly  used 
in shell  model c a lcu la t io n s  is  comprised of a harmonic o s c i l l a t o r  
(HO) hamiltonian plus cu r rec t icn  terms
"Shell* HH0+ Vl l < r > ' 2  + V l < r > <1-42>
Here 1 denotes the o r b i t a l  angular  momentum and s the i n t r i n s i c  
2
spin .  The 1 term is  introduced to make the po ten t ia l  s im i la r  to  
the more r e a l i s t i c  square-well p o t e n t i a l .  The s p in -o rb i t  coupling 
is  c ruc ia l  to  reproduce the magic numbers. I t  i s  c le a r  t h a t  the 
HO can only be an approximation since the real nuclear  p o te n t ia l  
is  of f i n i t e  range, but i t  has the advantage of having 
mathematically well-defined so lu t ions .  In Figure 1.8 the level 
spectrum re su l t in g  from such a po ten t ia l  i s  shown. The degeneracy 
of the HO levels  is  broken by the correc t ion  terms. Nonetheless,  
the low-lying nuclear  s h e l l s  s t i l l  agree la rge ly  with the the  HO 
s h e l l s .  However, fo r  the h igher- ly ing  levels  t h i s  agreement is  
destroyed and new major s h e l l s  are formed. The s in g l e - p a r t i c l e  
s t a t e s  are labeled by |n l s j>  . Here the label n denotes the 
number of o s c i l l a t o r  quanta, 1 the o rb i ta l  angular momentum, s the 
i n t r i n s i c  spin and j  the t o t a l  angular momentum.
















It (2 )— (2 )
Figure 1 .8.  The level spectrum a r i s in g  from a she l l  model 
hamil tonian.  The l e f t  hand s ide  give the labe ls  fo r  the 
degenerate HO lev e l s .  The numbers on the r ig h t  hand side denote 
the poss ib le  number of nucleons for  a l e v e l ,  the t o t a l  number of 
t h a t  can be f i l l e d  in to  the s h e l l s ,  and the magic numbers.
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nucleons in to  the s in g l e - p a r t i c l e  leve ls .  When the pa ir ing  
hypothesis i s  included into the shel l  model, t h a t  i s ,  p a i r s  of 
nucleons are assumed to couple to  zero t o t a l  angular momentum, 
then the ground-s ta te  spin of  even-even nuclei is  predic ted  to  be 
zero. The ground-s ta te  spin of odd A nuclei i s  determined by the 
l a s t  odd nucleon. Both of these  p red ic t ions  are confirmed by the 
experimental da ta .  For odd-odd nuclei o ther  empirical ru le s  are 
in troduced,  but these  kind of nuclei represen t  only a small 
minori ty  of a l l  nuc le i ,  so t h a t  99% of the ground s t a t e  spins can 
be predic ted  from a somewhat extended nuclear  shel l  model.
I f  we want to c a lcu la te  more e labora te  nuclear  p ro p e r t i e s ,  as 
e x c i t a t io n  spec t ra  and t r a n s i t i o n  r a t e s ,  fo r  example, the extreme 
s i n g l e - p a r t i c l e  p ic tu re  is  no longer v a l id .  Nonetheless the shel l  
model provides a s t a r t i n g  po in t .  The nucleus is  divided in to  an 
i n e r t  core and an ac t ive  par t  which determines the observed 
p ro p e r t i e s .  A system with k valence nucleons is  described by a 
proper ly  anitsymmetrized product of s i n g l e - p a r t i c l e  HO 
wavefunctions (or whatever shell-model bas is  i s  chosen).  An 
e f f e c t iv e  hamil tonian,  including res idual  nucleon-nucleon 
in te ra c t io n s  is  evaluated in t h i s  b as is .  Without going in to  too 
much d e t a i l  we describe the two major d i f f i c u l t i e s  of  t h i s  
approach. The f i r s t  i s  th a t  the dimensional ity  of the hamiltonian 
is  a rap id ly  increasing function of the number of nucleons and
O p  1 £
access ib le  o r b i t s .  As an example we consider  °  S .  With °0 as an 
i n e r t  core there  are s ix teen  valence nucleons. I f  these  nucleons 
are  r e s t r i c t e d  to  the (ds) she l l  then there  e x i s t  1206 s t a t e s  of
35
t o t a l  angular  momentum, J=2, t h a t  can be constructed  by using the
ru le s  of angular momentum coupling (Edm 57). That i s ,  in order  to
c a lc u la te  the energy of a J=2 s t a t e  one has to  d iagonal ize  a
1206x1206 matrix which is  even today beyond the reach of  many
computers. If  the valence space includes in add i t ion  the next
1 ?major s h e l l ,  then approximately 4x10 J=2 s t a t e s  can be formed.
Apart from the f ac t  th a t  those kind of matrices  cannot be handled 
by any computer, i t  is not even d es i rab le  to  have th a t  much
op
information when there are only ten J=2 s ta t e s  in S up to  10 MeV 
e x c i t a t io n  energy. One problem fo r  shell-model c a lc u la t io n s  is  
t h a t  the re  i s  no systematic  way to t runca te  the space.
Another d i f f i c u l t  point in she l l  model ca lcu la t io n s  is  the 
choice of the e f fe c t iv e  hamiltonian (Kir 85).  The in t e r a c t io n  
which i s  determined in a s c a t te r in g  experiment cannot be used 
d i r e c t l y  fo r  shell-model c a lc u la t io n s .  There are two
renormalizat ion  e f f e c t s  th a t  have to be taken in to  account.  One 
is  as a lready mentioned due to the presence of the o ther  nucleons 
and the Pauli p r in c ip l e .  The second renormalization i s  caused by 
the f in i t e n e s s  of the model space, because the form of the
e f f e c t i v e  in t e ra c t io n  depends on the s ize  of  the model space. To 
give these  statements a more formal charac te r  consider  a quantal 
system described by a hamiltonian H acting in the space S. 
Computational l im i ta t io n s  force  us to  choose a f i n i t e  model space 
D. I t  i s  now the goal of renormalizat ion theory to  f ind  an
e f f e c t i v e  hamiltonian h  act ing in D tha t  reproduces (some of)  
the r e s u l t s  of the o r ig in a l  system. Consider fo r  example the
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eigenvalues :
m  = E 4- (1-43)a a a
We assume here fo r  s im p l ic i ty  a d i s c r e te  energy spectrum. For the 
model space D we have the equat ion:
The requirement i s  t h a t  the energies  (E > are a subset  of the
P
energies  of  the o r ig in a l  system {Eq} . I t  can be seen from 
these  sta tements  t h a t  the choice of a  i s  determined by the  
following q u a n t i t i e s :
1) The model space D
2) The subset  (E i of the eigenvalues of HP
3) The eigenvectors  {4> } in D.
P
A change in any one of these  q u a n t i t i e s  w il l  change the  form of 
the e f f e c t i v e  hamiltonian. Formally u  can be given as:
where the sum extends over a l l  e ig en s ta te s  of the model space.
What do these  general statements mean fo r  the she l l  model? 
Suppose, the general shell-model hamiltonian i s  of the form:
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(1.46)
H(f I <V Ui) (1.47)
(1.48)
Here, t  denotes the s ingle  nucleon k in e t ic  energy and U the s ingle
nucleon in te ra c t io n ,  as determined from s c a t te r in g  experiments.  
As al ready mentioned the form for  the s ingle  p a r t i c l e  p o ten t ia l  is 
not f ix e d ,  fo r  example we use (1 .42) .  S im i la r ly ,  the e f f e c t iv e  
hamil tonian can be decomposed:
The quant i ty  v  denotes the e f f e c t iv e  in t e ra c t io n .  The problem of 
going from the bare in te ra c t io n  to  the e f f e c t iv e  in t e r a c t io n  is  
the subjec t  of the Brueckner-theory and r e l a t e d  top ics  (Bet 56, 
Gom 58).  Although there  has been a large amount of  work done in 
t h i s  f i e l d ,  everything is  r a th e r  involved mathematically . Even 
the s t a r t i n g  point  i s  unclear  since  the  nucleon-nucleon 
i n te r a c t io n  known from s c a t te r in g  experiments does not have a 
p a r t i c u l a r  simple form, nor is  i t  unique. I t  i s  important to  note 
t h a t  while the in t e ra c t io n  in the o r ig ina l  system descr ibed by H 
is  confined to degree two, the e f fec t iv e  in t e r a c t io n  can contain 
higher order  terms:




v  = vQ+ v ^ + ___ + (1.50)
The subscr ip ts  denote the p a r t i c l e  rank of the i n t e r a c t io n ,
is k-body, e tc .  The e x p l i c i t  form of the e f f e c t i v e  
in t e ra c t io n  depends of course on the choice of the model space. 
And i t  i s  here where the t r a d i t i o n a l  she l l  model c a lcu la t io n s  
su f fe r  another setback ,  since  i t  i s  not well understood how the 
form of  the e f f e c t iv e  in t e ra c t io n  var ies  with the  model space.
2. Dynamical symmetries and algebraic models
Since the t r a d i t i o n a l  she l l  model encounters var ious problems 
when applied to  r e a l i s t i c  cases ,  i t  was necessary to  develop 
techniques  to circumvent these  d i f f i c u l t i e s .  The so lu t ion  came in 
the form of dynamical symmetries (DS). This concept was developed 
mainly in high energy physics (GelNee 64, Nee 67) and has become 
popular in nuclear  physics only in recent  y ea r s .  DS makes use of 
the theory of Lie groups which allows fo r  a mathematical ly  e legant  
t rea tment  of the problem. The Lie groups provide the two 
components th a t  are necessary fo r  a quantum mechanical d e sc r ip t io n  
of a system, namely a basis  and a se t  of op e ra to rs .  The bas is  is 
determined by the space def in ing  group l a t t i c e :
G + Gi -» H (2 .1 )
The underlying assumption fo r  such a c l a s s i f i c a t i o n  is  t h a t  there  
e x i s t s  a conserved and an exact symmetry, G and H, r e sp ec t iv e ly .  
Depending on the p a r t i c u l a r  problem the re  may e x i s t  in termediate  
symmetries G^. A bas is  s t a t e  from t h i s  group chain is  given by:
%>D= l [G] a [Gi ] 13 [H]> ( 2 , 2 )
Here the  brackets  [ ]  denote the  labe ls  of the i r r e d u c ib le  
r e p re sen ta t io n s  ( i r r e p s )  of the  d i f f e r e n t  groups. The 
q u a n t i t i e s  {a,p} a re  needed to  reso lve  poss ib le
m u l t i p l i c i t i e s .
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Lie groups are continuous groups with an i n f i n i t e  number of 
elements.  Every element i s  charac te r ized  by s parameters .  For 
example, the ro ta t io n s  in th ree  dimensions, which form the  group 
SO(3) are parameterized by th ree  ro ta t io n  angles .  The q u a n t i t i e s  
of i n t e r e s t  are not so much the group elements,  but r a th e r  the 
opera tors  t h a t  generate  the i n f i n i t e s i m a l  t ransform at ions .  There 
are s generators  th a t  form the Lie algebra:
The s t ru c tu r e  constants  c Y determine most of the p ro p e r t i e s  of 
the  group. Every f i n i t e  transformation  is  given in terms of the s 
generators  and parameters by:
Therefore i t  i s  s u f f i c i e n t  t o  study the Lie algebra ins tead  of the 
e n t i r e  group.
There are several  concepts which are f requent ly  mentioned in 
the context of Lie groups. A Casimir in v a r ian t  is  a funct ion  of 
the generators  C(G) = f(Xa ) , which commutes with a l l  the 
genera tors :
(2.4)
|C, X | = 0, u-1,2 s (2.5)U
A s c a la r  S i s  a function of generators  Xq and non-generators
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Y , S = f(X ,Y ) ,  which commutes with a l l  the genera tors :  
a  a  a
IS,X J = 0 o = l , 2 . . . s  (2.6)
a
Consider fo r  example the groups S0(3) and S0(2).  The l a t t e r
descr ibes  ro ta t io n s  about the z-axis  and i s  a subgroup of S0(3).
The generators  of SO(3) are I  , L , and L. the f a m i l i a r  componentsx y z
of the  o r b i t a l  angular momentum operator  L . The Casimir
opera tor  of S0(3) is  L2= + l A  The group S0(2) isx y z
generated by the s ing le  operator  L which a t  the same time is
2
the in v a r ia n t .  The operator  L i s  then a sca la r  with re spec t  to 
S0(2),  because i t  commutes with Lz but i s  b u i l t  from opera tors  
which are not contained in SO(2).  An in v a r ia n t  i s  th e re fo re  
always a s c a l a r ,  but a s c a la r  is  not n ece s sa r i ly  an i n v a r ia n t .
The number of independent Casimir operators  t h a t  can be formed 
def ines  the rank of a group. The groups S0(3) and S0(2) are rank 
one groups and have one invar ian t  each.
In t h i s  work we d is t in g u ish  between th ree  bas ic  kinds of 
groups. These are the groups of or thogonal,  u n i t a ry ,  and
symplectic matr ices  in N dimensions, SO(N), SU(N) and Sp(N), 
r e s p e c t iv e ly .  The number of generators  and the rank fo r  the 
d i f f e r e n t  groups are given in Table 2.1.  The groups S0(3) and 
SO(2) were al ready considered in some d e t a i l .  The group S0(4) is  
the  symmetry group of the hamiltonian of the hydrogen atom. 
According to  Table 2 .1 ,  S0(4) has s ix  generators  and is  of rank 
2. The generators  a re ,  besides the angular momentum o p e ra to rs ,
Table 2.1 The number of genera tors  and ranks fo r  the 
d i f f e r e n t  matrix groups.
Group # of  generators  rank
S0(2N) N( 2N—1) N
S0(2N+1) N(2N+1) N
U(N) N2  N
SU(N) N2- l  N-l
Sp(2N) N(2N+1) N
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the components of the Runge-Lenz vector (Sha 80),  A , A and
A  J
2
Az> The two invar ian ts  are the operator  L and the square of
2
the Runge-Lentz vector A .
We i l l u s t r a t e  now by means of a very simple example how the 
bas is  and the operators  provided by a group l a t t i c e  can be used to  
model physical systems. Consider a system th a t  is  described by 
the group l a t t i c e
S0(3) -  S0(2) (2.7)
The bas is  s t a t e  is  given by ILM> • The group S0(3) and
SO (2) play the ro le  of conserved and exact  symmetries,  
r e sp ec t iv e ly .  A model hamiltonian i s  b u i l t  from generators  of 
S0(3) such t h a t  i t  i s  an S0(2) s ca la r .  That i s ,  we requ ire  
H = H(Lx ,Ly ,Lz ) and:
[H,Lz ] = 0 (2.8)
We examine the poss ib le  candidates  fo r  such a hamiltonian and f ind
2
t h a t  these  are the Casimir operators  of the two groups, L
2 2and l_z and any polynomial in these operators  l ik e  LZL , Lz , e t c .  
The most general hamiltonian which i s  of maximum degree two in the 
generators  has the form:
Hmod= aL2+ bL2+ cLz (2.9)
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For s im pl ic i ty  the parameters ( a ,b ,c )  are r e s t r i c t e d  to  be 
p o s i t iv e  or  zero. The hamiltonian i s  evaluated in the bas is
^MOD anc  ̂ has the e i9enva^ues:
Emod= aL(L+l) + bM2  + cM (2.10)
The spectrum i s  shown in Figure 2.1 and exh ib i t s  the  f e a tu re s  t h a t  
wil l  be encountered l a t e r  in more soph is t ica ted  r e a l i z a t i o n s  of 
dynamical symmetry. Since HMQD is  b u i l t  from SO(3) genera to rs ,  
i t  i s  diagonal in L. In the case when b=c=0 a l l  (2L+1) magnetic 
subs ta tes  fo r  a given L value are degenerate.  I f  the parameter b 
becomes nonzero while c remains zero ,  then the degeneracy is  
p a r t i a l l y  l i f t e d .  F in a l ly ,  the degeneracy i s  completely l i f t e d  
when a l l  parameters are d i f f e r e n t  from zero.  This success ive 
removal of degeneracy without breaking the conserved symmetry is  a 
typ ica l  f ea tu re  of a l l  hamiltonians which are b u i l t  according to 
the algorithm given here.
The ideas presented fo r  building a model hamiltonian from the 
generators  of a space def ining group chain are r e a d i ly  extended to 
the general case of Equation (2 .1 ) .  The hamiltonian has to  be a 
s c a la r  with respect  to the group H and i s  comprised of polynomials 
in the generators  of the group G. Candidates fo r  such funct ions  
are the Casimir operators  of G, Ĝ  and H and, in general o ther  
non- invar ian t  H-scalars .  The main ideas of the dynamical symmetry 
approach are summarized in Figure 2.2.






M =  ± 2
M = 2
M = - 2
M = ± 1
L  = 2 M = 0
M = 1 
M =- 1  
M = 0
M = ± 1
L =  1 /  M = 0
M = 1 
M = - 1  
M = 0
L =  0  M = 0  M = 0
E = a L ( L + l )  + b M 2 + c M
Figure 2 .1 .  Eigenvalue spectrum of a simple model hamiltonian 
constructed from Casimir operators.
GROUP GEOMETRY
G " C O N S E R V E D
T Gj "IM PO SED "
NONINVARIANCE G R O U P S  
(DYNAMICA L S Y M M E T R I E S )
H " E X A C T " 1  INVARIANCE ( S Y M M E T R Y )  
J  GROUP
(G G E N E R A T O R S  H S C A L A R S )  
I N V A R IA N T S  O F  G
a
INVARIANTS O F  H
a
NONINVARIANT H S C A L A R S  
( INVARIANTS OF Gj + O T H E R S )
Figure 2 . 2 . The ingredients of a model hamiltonian constructed  
from operators of a group la t t i c e .
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are b u i l t  from the generators  of G and commute with the generators  
of H has been developed in recent  years .  All funct ions  are given 
as polynomials of degree k in the generators :
0(10 -  1 + A<̂  IT V j + . . . .  + A ^ . kXjXJ....Xk (2.11)
In many cases the re  e x i s t s  an i n t e g r i t y  bas is  (IB),  t h a t  i s ,  the re  
is  a f i n i t e  bas is  s e t  of HI s ca la rs  t h a t  can be b u i l t  from the 
generators  of G. All o ther  s c a la r s  can be given as a polynomial 
in t h i s  bas is  s e t .  Let the re  be an i n t e g r i t y  bas is  with s 
opera tors  (Z^, Z2 , ••• , Zs > . Every (IB) operator  i s  a funct ion 
of one or several genera to rs .  The degree of the  j - t h  IB opera tor  
i s  denoted by d j .  A model hamiltonian i s  c l a s s i f i e d  by i t s  rank 
in the  generators  and is given as a polynomial in the  IB 
opera to rs :
H(k) = £ h(S) n (Z, ) " 1 (2.12)
0< a-3<k i = l
The q u a n t i t i e s  a and 3 give the power and the degree of Ẑ  in 
the expansion such th a t  a-j’d-:- *< while h denotes the parameter
J J
values .  The exis tence of an IB rep resen ts  a g rea t  
s im p l i f i c a t i o n .  Instead of r eca lcu la t in g  the hamiltonian each 
time i t  i s  changed, one has to  evaluate  only the se t  of bas is  
s c a l a r s  once. Every o ther  opera tor  is  r e a d i ly  c a lcu la ted  from 
t h i s  s e t .  Although the concept of DS in physics is  f a i r l y  recent  
(about the l a s t  2 0  y e a r s ) ,  the concept of  an i n t e g r i t y  bas is  is
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not .  The name was invented by H. Wehl (Wey 39),  but the o r ig in s  
of the idea go as f a r  back as to  Moljen and Noether (Mol 97, Noe 
16).
As a prime example of the app l ica t ion  of dynamical symmetries 
consider  the In te rac t ing  Boson Model (IBM) (Ari lac  76, A r i lac  78, 
Ari lac  79, Ell 85).  In i t s  o r ig ina l  version p a i r s  of nucleons are 
assumed to  form bosons with angular momentum zero (s-boson) or two 
(d-boson).  The conserved symmetry of such a system i s  the group 
U(6 ) . I t  has been found tha t  there  e x i s t s  a r ic h  subgroup 
s t r u c tu r e  as shown in f igure  2 .3.  The in te re s t in g  f ea tu re  of t h i s  
model is  the exis tence of the three  syrranetry l im i t s ,  each of which 
i s  a ssoc ia ted  with a c e r t a in  c o l l e c t iv e  ex c i t a t io n  mode. The U(5) 
chain is  used fo r  the desc r ip t ion  of v ib ra t iona l  n u c le i ,  the 0(5) 
chain fo r  the  desc r ip t ion  of y - unstable  nuclear  c o n f ig u ra t io n s ,  
and the SU(3) chain fo r  the desc r ip t ion  of r o ta t io n a l  n u c le i .  For 
the  IBM, a hamiltonian of degree k < 2 in the genera tors  can be 
w r i t t e n  in terms of the Casimir invar ian ts  of the groups in t h i s  
l a t t i c e .  The IBM has l a t e r  been extended to  include a g-boson 
(1=4) and fermionic degrees of freedom to make a d e s c r ip t io n  of 
odd-A nuclei possib le  (Aki 85, Yos 8 6 ).
So f a r  we have only presented the advantages of the a lgeb ra ic  
approach, but every model has both strong and weak p o in t s .  One 
d i f f i c u l t y  is  to  decide whether or not a c e r t a in  group chain is  
useful in describ ing a nucleus. This i,s very d i f f i c u l t  to  answer 
a p r i o r i  because only the exact symmetries can be experimental ly  





Figure 2 .3 .  The group l a t t i c e  of  the IBM.
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t h i s  is  S0(3),  the angular momentum values of the l e v e l s .  
Whatever l i e s  above the group S0(3) cannot be measured d i r e c t l y  
and can only be inferred  from the success of the model. Another 
ques tionable  point  is  the model hamiltonian. What does i t  have to 
do with the real nuclear  in te ra c t io n ?  How much physics  is  
contained in the model operators? We wil l  address t h i s  point  in 
the conclusion.
F ina l ly  I want to d igress  to an impressive m anifes ta t ion  of 
dynamical syiranetry in a r t .  In Figure 2.4 we see a mosaic found in 
a greek temple ( ~ 1000 B.C.).  At f i r s t  glance the dolphins seem 
to be arranged symmetrically.  But under c lo se r  inspect ion  one 
not ices  s l i g h t  d i f fe ren ces .  These devia t ions  can be understood as 
a breaking of the symmetry, but as a breaking t h a t  leaves the 
underlying symmetry recognizable .  This is  s im i la r  to  the 
s p l i t t i n g  of the degenerate m u l t ip le ts  of G through the opera tors  
of a subgroup chain.  Imagine t h a t  the dolphin mosaic was 
i n i t i a l l y  p e r fe c t ly  syrranetric and then a dis turbance occurred and 
produced the arrangement shown in the f ig u re .  Because the 
devia t ions  are small the o r ig ina l  symmetry can s t i l l  be 
recognized.  Consider now a system of p a r t i c l e s  l i k e ,  fo r  example, 
a nucleus. I f  the in t e ra c t io n  between the p a r t i c l e s  i s  in v a r ian t  
under the group G, then the rep resen ta t ions  of  G wi ll  be 
degenerate in energy. When an in te ra c t io n  is  switched on t h a t  is  
not inva r ian t  under G the degeneracy is  l i f t e d .  I f  the model 
hamiltonian i s  b u i l t  following the algorithm in t h i s  chap te r ,  i t  
wil l  conserve G, th a t  is  the underlying symmetry can s t i l l  be
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recognized j u s t  as fo r  the dolphins.  This i s  j u s t  one example of 
the use of dynamical symmetry in a r t .  Many other  examples from 
t h i s  and o ther  non-physics f i e l d s  can be found in H. Weyl's book 
(Wey 82).
The ideas of DS represen t  a dramatic depar ture  from 
t r a d i t i o n a l  uses of group th e o re t ic a l  ideas in nuclear  physics .  
H i s to r i c a l ly  one searched for  exact symmetries of a system, 
because an exact symmetry i s  associa ted  with a conserved quantum 
number. Deviations from symmetry was considered a troublesome 
th ing .  In co n t ra s t  with t h i s ,  the present  approach focuses on 
(con tro l led )  devia t ions  from symmetry. Since na ture  is  r a re ly
p e r fe c t ly  symmetric, the DS approach should allow fo r  more 
r e a l i s t i c  in te rp re ta t io n s  than the t r a d i t i o n a l  one.
Figure 2 .4 .  Two dolphins in a greek temple -1000 B.C.
3. The SU(3)+S0(3) a lgeb ra
3.1 The group U(3) and the harmonic o s c i l la to r
The SU(3)>S0(3) group chain is  the root s t r u c t u r e  of
several  d i f f e r e n t  models. I t  can be used fo r  a d e sc r ip t io n  of 
fermionic or bosonic systems as shown in Table 3 .1 .  O r ig ina l ly  
the  SU3+S0(3) a lgebra was used by J .  P. E l l i o t t  for  a desc r ip t io n  
of l i g h t  nuclei with masses between 16<A<28. His work was a giant 
s tep  toward understanding ro ta t io n a l  motion from the shel l  model 
perspec t ive  (Ell 58, Har 67) .  Later the  fermionic SU(3) model was
extended to the pseudo-SU(3) model (Ari 69, HecAdl 69, Rat 73,
DraWee 84),  which was then applied to heavy nuclei  in the ra re  
e a r th  and a c t in id e  regions .  An j u s t i f i c a t i o n  fo r  the
success of the model i s  d i f f i c u l t  to  give but i t  can be 
q u a l i t a t i v e l y  understood in terms of i t s  connection to  the
harmonic o s c i l l a t o r  (HO).
I t  was shown in sec t ion  1.6 t h a t  the l ev e l s  of the average 
nuclear  po ten t ia l  group to ge the r  in s h e l l s .  For l i g h t  nuclei they 
agree with those a r i s in g  from a HO p o te n t ia l  while fo r  heavy 
nuclei  the  HO s t r u c t u r e  i s  destroyed by the  s p in - o r b i t  
i n t e r a c t i o n .  Nonetheless,  i t  is  poss ib le  to  understand even these  
s h e l l s  in terms of a s o -ca l led  pseudo HO.
The hamiltonian of the three-dimensional  HO is  given by:
Table 3.1 The SU(3) -* S0(3) roo t s tru c tu re  in sh e ll  model th e o r ie s .
BOSON FERMION
IBM MCM PSEUD0-SU(3) ELLIOTT




SU(3) SU(3) SU(3) SU(3)
+ + + +
S0(3) SO(3) SO (3) SO (3)
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The hamiltonian i s  not only invar iant  under S0(3),  but a lso  under 
U(3 ) ,  the group of un i ta ry  transformations in th ree  dimensions. 
To see t h i s  invar iance b e t t e r ,  consider  the  c rea t ion  and 
a n n ih i l a t io n  opera tors :
ar (rj-1bS ) (3-2)
a r  <r j +1 b2 pj ) ( 3 -3)
The o s c i l l a t o r  length is  defined as b=(fl/m(u)a. For a nucleus with
I /3
A nucleons b i s  given as b=1.01 A '  . The opera tors  s a t i s f y  boson 
commutation r e l a t io n s :




The s h i f t  operators  are defined in terms of  c r e a t io n  and 
a n n ih i l a t io n  opera tors :
Air \ (aiaj+ ajal) (3-6)
These opera tors  s h i f t  an o s c i l l a t o r  quanta from the j - t h  to  the 
i - t h  d i r e c t io n .  Their commutation r e l a t io n s  can be deduced from 
those of the c rea t io n  and an n ih i la t ion  opera tors :
The HO hamiltonian can be rew r i t ten  in terms of the  s h i f t  
operators  as:
(3.8)
The s h i f t  operators  form a Lie a lgebra,  more s p e c i f i c a l l y  the 
algebra of the group U(3). I t  follows from the above commutation 
r e l a t io n s  th a t  commutes with a l l  the s h i f t  ope ra to rs ,
the harmonic o s c i l l a t o r  can be c l a s s i f i e d  by the quantum numbers 
of the group U(3) .  This means t h a t  the eigenvalues depend only on 
the t o t a l  number of o s c i l l a t o r  quanta and not on t h e i r  s p a t ia l  
d i s t r i b u t i o n .
Instead of using the s h i f t  operators  one can in troduce 
opera tors  which have a d e f i n i t e  ten so r ia l  cha rac te r  under 
r o ta t i o n s .  These are the th ree  angular momentum opera tors  and the 
f ive  components of the a second rank tensor :
th e re fo re  H^q i s  an invar ian t  of 11(3) and the eigenfunctions  of
(3.9)
Qq= (4n/5)^ (3.10)
The supe rsc r ip t  "a" wil l  be appended as necessary,  to  d i s t in g u ish  
the opera tors  of the group algebra from those of the c o l l e c t i v e
model. In terms of the s h i f t  operators  these are given 
LV  ^  < \ z -  Azx> + ^  < W
L2 = 1< W
L- r  ^  (Ax z '  Azx> - ^  < \ z - Azy>
«S= 2 Azz- Ayy- Axx
«?2 + < 2 -  ‘ ' H x ' V
< r  « !2= i e * < V  AJX)
Q*1+ ( f i  -  - i 6 ^(Ay2+ Azy)
QA1- Q ^ .  -6^(Azx+Ax2)
The commutation r e l a t io n s  for  these operators  are:  
iL j .L j . l  = - a  <l lqq '  | l l lq + q '>  L*+ql 
1 Qq ’ Lq11 = v 6  <21qq'|212q+q, > Qq+qt 













Here the quant i ty  <> denotes an S0(3) Clebsch-Gordan 
c o e f f i c i e n t .  The operators  La and Qa form the Lie a lgebra of 
the group SU(3) .  The U(3) and SU(3) a lgebras ,  which have nine and
e igh t  genera to rs ,  r e sp ec t iv e ly ,  only d i f f e r  by H^q , which i s  the
t o t a l  number of quanta of a system. The algebras  are  e a s i ly  
extended to  many p a r t i c l e  systems since the opera tors  fo r  
d i f f e r e n t  p a r t i c l e s  commute. The generators  are then given by
L q ‘  j ^ O ) -  j j O q O ) .  « " <  H H 0 =  < 1 > '
One no t ices  from the commutation r e l a t io n s  t h a t  the angular  
momentum opera tors  form a subalgebra,  th e re fo re  HO s t a t e s  can be 
labe l led  simultaneously by the quantum numbers of SU(3) and 
S0(3).  The r e l a t i o n  between the group SU(3) and nuclear  physics 
is  a r e s u l t  of the s im i l a r i t y  of the shell-model p o te n t ia l  and the 
harmonic o s c i l l a t o r .  She 11-model c a lcu la t io n s  show t h a t  the 
wavefunctions of low-lying s t a t e s  are 60-70% pure SU(3) s t a t e s
(Har 67, Par 78).
Now we tu rn  to the s i t u a t i o n  in the higher  s h e l l s  where the  
HO p o te n t ia l  i s  no longer a good approximation fo r  the  average 
nuclear  p o t e n t i a l .  The s h e l l s  t h a t  are formed co n s is t  of  the 
o r ig in a l  HO leve ls  less  the one with the l a rg e s t  j -v a lu e  which is  
pushed down in to  the next lower s h e l l .  In add i t ion ,  the re  i s  a 
level of opposite p a r i ty  t h a t  comes down from the next higher  
s h e l l .  For example, consider  the N=5 HO s h e l l .  I t  i s  comprised of
the ^9/2* ^7 /2 ’ ^5 /2 ’ ^*3/2 ^1/2 The
corresponding nuclear  shel l  is  comprised of  the h g ^ ,  ^ 7 / 2 ’
^5 / 2 ’ P3 / 2 * P1 / 2  anc* the opposite  (-abnormal) p a r i ty  level
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i 13/2'  ^he norma  ̂ p a r i ty  leve ls  have the same j -va lues  as the
members of the N=4 HO s h e l l .  This suggests  a mapping of 
l+s=1 +s=j where 1 and s are the so-ca l led  pseudo o r b i t a l
angular  momentum and spin opera to rs .  For the above case the
mapping is  given by hg / 2 , f ? / 2 , f 5 /2 , p3 /2 , p1 / 2  -  gg / 2 ,
^ 7 / 2 * ^5/2* °*3 / 2  dncl s l / 2  * r e s Pe c t ^ve^ • Accordingly the s t a t e s  
can be c l a s s i f i e d  by the SU(3)-»S0(3) chain. For low-lying
conf igura t ions  of even-even nuclei the t o t a l  pseudo i n t r i n s i c
spin is  zero so that L^L^J . The physical o r b i t a l  angular  
momentum L i s  th e re fo re  a good quantum number.
3.2 Young diagrams and the  permutation symmetry o f  many-part ic le  
s t a t e s
A funct ion  $ (1 , 2 , . . .  ,k) describing a k - p a r t i c l e  system can 
be c l a s s i f i e d  according to i t s  behavior under the permutation of 
the  p a r t i c l e  coord ina tes .  For example, the opera tor  P . .
* J
interchanges the coordinates  of p a r t i c l e s  i and j .  The s e t  of a l l  
possib le  permutations among k p a r t i c l e s  forms the  symmetric group 
Sk - A very useful tool fo r  c la s s i fy in g  the i r r ed u c ib le  
rep re sen ta t io n s  of Sk are the Young diagrams (L i t  40). A k- 
p a r t i c l e  function i s  represented by k squares which are arranged 
in to  s rows as shown in Figure 3.1. Such diagrams are  spec i f ied  
by a label [f]  e [f  ̂ f2 - - - f g ] where the f n- denote the number of 
squares in the i t h -row. The best  known examples are t o t a l l y  
symmetric k - p a r t i c l e  s t a t e s  which are labe l led  by a one-rowed
60
I
Figure 3 .1 .  A Young diagram If 1 is  l ab e l led  by the number of 
squares in each row I f j f 2 . . . . f s l .
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Young diagram Ik] ,  and t o t a l l y  anti  syiranetric k - p a r t i c l e  s t a t e s
which are labe l led  by a one column Young diagram with k rows 
jjk]  e [111-- -1] .  More general shapes correspond to  more
complicated mixed symmetry types. The problem of f inding a l l
poss ib le  Young diagrams is  equivalent  to f inding the possib le
p a r t i t i o n s  of k in to  in teg e rs .  When the p a r t i c l e  labe ls
{ l , 2 , . . . , k )  are inser ted  in to  a diagram, the Young diagram becomes
a Young tab leau .  This lab e l l in g  i s  subjec t  to  the c o n s t r a in t s
th a t  the numbers in each row increase  from l e f t  to r i g h t  and from
top to  bottom in each column. The dimension of a r ep resen ta t ion
of the symmetric group, t h a t  i s ,  the number of d i f f e r e n t  Young
tableaux t h a t  can be drawn from a Young diagram is  given by:
h [f I  = h(Sk ; [ f 1 f 2 . . . f s ])
N -  f*+ J - i )
(3.21)
k! n ( f r  .  j r
i<j<s Js “ '■<n ( f .+ s - i ) ! 
i=l 1
Only the symmetric and antisymmetric rep resen ta t ions  are one­
dimensional .
There are two important mathematical operat ions  involving 
Young diagrams th a t  we want to  describe here . The f i r s t  one is  
assoc ia ted  with the ca lcu la t io n  of the outer  product of two many- 
p a r t i c l e  s t a t e s .  This problem is  s im i la r  to  the one th a t  e x i s t s  
in angular momentum coupling of and 12 . These two vectors  can 
be coupled to some to t a l  angular momentum 1 which has the 
allowed values | 1 I2 I< 1 ^ s^a^e ^ere the coupling
ru le s  fo r  the outer  product of two Young diagrams.
1) In one Young diagram label a l l  boxes of the f i r s t  row with a,
a l l  boxes of the second row with b, e tc .
2) Place the boxes labe l led  by a agains t  the other  unlabelled
p a t t e rn  ini every poss ib le  vj/ay, observing the c o n s t r a in t  t h a t  a) 
the hierarchy s tays  in t a c t  [f^ > f 2  . . .  s f g] and th a t  b) no two 
boxes clan appear in the same column.
3) Repeat 2) with the boxes labe l led  b and then c,  e t c .
As an example consider  the product:
The l a s t  diagram 1211] is  forbidden because of ru le  2.
The second kind of product t h a t  plays an important r o le  is  
the inner product .  I t  i s  used when two d i f f e r e n t  permutation 
symmetries are associa ted  with the same group of p a r t i c l e s .  
Consider, fo r  example the case of n iden t ica l  nucleons. Let the 
s p a t i a l  s t a t e  be described by the Young p a t te rn  [ f j ]  and the spin 
par t  by I f 2 1• We know th a t  the product of space and spin funct ion 
has to be antisymmetric ,  i . e . ,  i t  i s  described by [ l n ]. This 
imposes c e r t a in  requirements on the form of [ f ^ ] and [ f 2 ] both of 
which have n boxes. In order  to  form a t o t a l l y  antisymmetric 
product s t a t e  [ f j ]  and [ f 2 ] have to be conjugate to each o the r ,
[2] x [2] = [4] + [31] + [22] + [211] (3.22)
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t h a t  i s  the row and column s t ru c tu re  of [f^] and must be the 
interchange of each other .
3.3 Labelling of the unitary symmetry of many-particle s ta te s
When we discussed the permutation symmetry of funct ions  no 
special  assumption concerning the form of the s t a t e s  was made. In 
quantum mechanics a many p a r t i c l e  s t a t e  is  commonly given as a 
product of s in g l e - p a r t i c l e  s t a t e s .  Usually there  e x i s t s  a bas is  
of N s ingle  p a r t i c l e  wavefunctions <t>i ( i = l f . . fN) . Another s e t  of
I
s t a t e s  <t>. ( j = l , . . , N )  is  equally  val id  as a bas is  i f  i t  i s  r e l a t e d  
to  the f i r s t  s e t  by a un i ta ry  t ransformation:
♦ ;  -  (3.23)
Here U. . denote the matrix elements of an (NxN) un i ta ry  matr ix .
* J
A k - p a r t i c l e  system is  described by product funct ions  of the type:
* = 4>i(l) -M2) (k) (3.24)
Any of s u b sc r ip ts ,  denoting the s in g l e - p a r t i c l e  leve ls  can assume 
the  values { 1 ,2 , . . .N ,} .  One can form a t o t a l  of N d i f f e r e n t  
product s t a t e s .  A un i ta ry  transformation in the bas is  induces a 
t ransformation T(U) in the product s t a t e :
•  ‘ T ( u ) 1  v  v l n , u i i ' uj j ' - upP ' * i ( 1 ) » j < 2 > - V o
'  9  J 9  •  •  9  P
(3.25)
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We learned in Chapter 2 th a t  the uni tary  matrices  in N dimensions 
form the group U(N). A product s t a t e  of the form (3.25) can 
th e re fo re  be c l a s s i f i e d  according to i t s  t ransformation p ro p e r t i e s  
under U(N). In the previous sec t ion  we showed how a many p a r t i c l e  
s t a t e  can be c l a s s i f i e d  according to  i t s  permutation symmetry. 
Since the permutations act  on the p a r t i c l e  l a b e l s ,  while the 
un i ta ry  transformations  act  on the l e v e l s ,  the groups U(N) and Sk 
commute. Therefore the product s t a t e s  can be labe l led  
simultaneously by the i r r ep s  of  U(N) and Sk . Moreover i t  can be 
shown t h a t  the same Young diagrams th a t  label the rep re sen ta t io n s  
of the symmetric group can be used to  label the i r r e p s  of U(N). 
However, the dimension of a rep resen ta t ion  fo r  the un i ta ry  group 
is  in general d i f f e r e n t  from the one fo r  the symmetric group:
h|U(N); [ f ]] = n ( f i -  f ,+ j )  (3.26)
l<i<j<N J
The dimensions of the i r reps  of  the two groups have to s a t i s f y  the 
sum ru le :
Nk = Y d s  (3.27)
u  (X (Xa
Here s and d denote the dimensions of the rep re sen ta t io n s  of
a a
Sk and U(N), r e spec t ive ly  and the summation extends over a l l  
poss ib le  Young diagrams. However, the re  i s  one important
r e s t r i c t i o n  on the Young diagrams when they are  used to  label  the 
symmetries of the group U(N). The number of rows cannot exceed N
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since i t  i s  not possible  to ant i  symmetrize more than N p a r t i c l e s  
in a bas is  of N leve ls .
3.4 State la b e llin g  for shell-model configurations
S ta r t in g  from the s in g l e - p a r t i c l e  shell-model p ic tu re  we wil l  
cons ider  closed sh e l l s  1 0  form an iner t  core. Nuclear p rope r t ie s  
are then determined by the valence p a r t i c l e s  outs ide  the  core.  As 
a f u r th e r  r e s t r i c t i o n  we wil l  take the valence space to  be l imited 
to  one s h e l l .  The i r r e p s  of U(3) fo r  a k - p a r t i c l e  s t a t e  in the N- 
th she l l  are then given by Young diagrams with N-k boxes and a t  
most th ree  rows; in o ther  words they describe  the d i s t r i b u t i o n s  of 
N-k o s c i l l a t o r  quanta in the th ree  sp a t ia l  d i r e c t io n s .  The 
r ep re sen ta t io n  labe ls  of SU(3) equivalent  to  a p a r t i t i o n  [ ^ 2 ^ 3 ]
are anc* y”^2 ” ^ 3  *
For the N-th HO shell  there  are D= |-(N+l)(N+2) s p a t i a l
s t a t e s  and four sp in - i sosp in  s t a t e s ,  so t h a t  the valence space is
comprised of 4-D s in g l e - p a r t i c l e  l ev e l s .  A k - p a r t i c l e  s t a t e  must
1/
then transform l ik e  the [1 ] i r r e p  of U(4-D), because i t  has t o  be 
antisymmetric under the permutation of p a r t i c l e s .  The s t a t e s  are 
labe l led  by addi t ional  quantum numbers from the subgroup chains of 
U(4-D). The f i r s t  s tep is  a separa t ion  in to  s p a t i a l  and sp in-  
isosp in  p a r t s ,  t h a t  is  a c l a s s i f i c a t i o n  according to  U(D)xl)(4) . 
These two pa r t s  are labe l led  by conjugate Young pa t te rn s  to  give 
an antisymmetric product wavefunction. The group SU(3) en te r s  as 
a subgroup of U(D). The U(4) syrrenetry can be fu r th e r  separa ted 
in to  an i n t r i n s i c  spin (S) and an isospin (T) p a r t .  To give an
example consider  three  p a r t i c l e s  in the N=2 s h e l l .  Here D= 6  and 
the allowed U(6 ) i r r e p s  are [1^],  [21] and [3] .  For each of these  
the re  are c e r t a in  allowed values fo r  the SU(3) i r r e p s  (x ,u ) :
[ 1 °]3 -> (30) ,(03) (3.28)
[ 2 1 ] ■> (41), (22) ,  (11) (3.29)
[3] -> (60),  (2 2 ) ,  (0 0 ) (3.30)
From t h i s  example we r e a l i z e  the e f f e c t  of the group s t r u c tu r e  
which l i e s  above SU(3). The permutation symmetry of a system of 
o s c i l l a t o r  quanta,  which are  bosons i s  given by the  one-rowed 
Young diagrams. Without the underlying fermion s t r u c t u r e ,  which 
is  descr ibed by the rep resen ta t ions  of U(D) and U(4) the 
rep re sen ta t io n s  of U(3) are r e s t r i c t e d  to  those diagrams and the 
rep re se n ta t io n s  of SU(3) to  the  cases (x ,y )=(x ,0 ) .
There e x i s t  two subgroup chains to  f u r th e r  c l a s s i f y  SU(3) 
s t a t e s .
SU(3) -  SU(2)xU(l) (3.31)
SU(3) ■* S0(3) (3.32)
The addi t iona l  s t a t e  labe ls  provided by the two reduct ions  w i l l  be 
considered now in some d e t a i l .
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Consider the four s h i f t  operators  A , A , A and A .XX xy yy yx
These s h i f t  o s c i l l a t o r  quanta in the x-y plane.  They can be 
organized in to  the following form:
“<f 7  (Axx_ Ayy^
wr  “ 72  Axy
1
w- r  7 2  Ay x
These operators  s a t i s f y  the commutation r e l a t io n s :
j ]  -  — ( 3 . 3 6 )
[uq. w+i I = (3.37)
The opera tors  uk form the Lie algebra of the SU(2) subgroup of
SU(3). Since t h i s  algebra is  s im i la r  to the one of S0(3),  the
la b e l l in g  of SU(2) s t a t e s  can be done in a s im i la r  way to  the
2
S0(3) case . There e x i s t s  one Casimir operator  fo r  SU(2), a 
with eigenvalues a ( a + 1 ) .  As in the S0(3) case a p ro je c t io n  of 
a can be chosen to  be diagonal:




The group U(l) is  p a r t i c u la r ly  simple because i t  has only one
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generator:
Qn - 2A -A -A (3.39)
1 2  xx yy '  '
I t  commutes with the generators  of SU(2). The i r r e p s  of U(1) are 
accordingly labe l led  by a s ing le  number, the eigenvalue of
e=2x+M,2 x + y -3 , . . . , - x -2 y  (3.40)
For each e ,  a takes  the values:
A = ^r|2x-2y-e | , ^ | 2 x-2 m-£ 1 + 1 , . . . ,  min{^r(2x+4|j-e), ^-(2y+4x+e)}
(3.41)
A s t a t e  c l a s s i f i e d  according to the SU(3)->SU(2)xU(l) subgroup 
chain can be given as:
| ( X y ) e A v >  (3.42)
An important ro le  i s  played by the so -ca l led  highest-weight
s t a t e .  I t  i s  defined by the maximum value of e = e  =2x+y somax
t h a t  A = y / 2  and then the maximum value of v=\> = y .  In terms ofmax
the o s c i l l a t o r  p ic tu re  the highest  weight s t a t e  has the most 
quanta in the z -d i r e c t io n ,  the second most in the x - d i r e c t io n ,  and 
the fewest in the y -d i r e c t io n .
What i s  the s ign i f icance  of the highest  weight s t a t e  fo r
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nuclear  physics? I t  r e f e r s  to a c e r t a in  d i s t r i b u t i o n  of 
o s c i l l a t o r  quanta fo r  which the deformation of the system i s  a 
maximum. In the simplest  version of the SU(3) model, the 
deformation of a nucleus i s  defined by a s ing le  s t a t e .  This 
corresponds to a sharp expecta t ion value of Qq.
When we introduced the generators  of SU(3) we mentioned th a t  
the angular  momentum opera tors  form a subalgebra and th e re fo re  
s t a t e s  can be labe l led  by the group chain SU(3)->S0(3). There 
e x i s t  several ru le s  th a t  give the values of o r b i t a l  angular  
momentum L fo r  the values of (x ,y) :
L=(x+p), (x+p)-2, (x+y) -4 , .......... ,1 or  0 (3.43)
fo r  K=0 and
L=K, K+l, K+2,........... (x+p)-K (3.44)
fo r  K*0 . The quan t i ty  K i s  determined from:
K= min(x.u) ,  min(x ,p)-2 ,  m in (x ,y ) -4 ,___ ,1 or 0 (3.45)
One d i f f e ren ce  between t h i s  group chain and the previously  
introduced canonical case i s  t h a t  a s t a t e  from the SU(3)-*S0(3) 
chain i s  not m u l t i p l i c i t y  f r e e .  An angular momentum value L can 
occur several  t imes in an i r r e p  of SU(3). The K-label serves  to 
resolve  t h i s  m u l t i p l i c i t y .
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The s t a t e s  from the two subgroups of SU(3) can be r e l a t e d  by 
what i s  ca l led  the Hill-Wheeler p ro jec t ion  technique:
l<x">KLM> - $ $ u c T  Jd0 * 0) W  W  <3'46>
Here D and R denote a D funct ion and a r o ta t i o n  opera to r ,  
r e sp e c t iv e ly .  I t  can be shown (Ell 58) t h a t  a l l  s t a t e s  of o r b i t a l  
angular  momentum th a t  e x i s t  within a s ing le  SU(3) i r r e p  can be 
pro jec ted  from the highest-weight  s t a t e  of the group SU(2)xU(l).  
The label  K defined in (3.46) i s  in te rp re ted  as the p ro je c t io n  of 
the  angular  momentum onto the  i n t r i n s i c  z - a x i s .  The s t a t e s  of 
angular  momentum defined in (3.46) are not orthogonal with respec t  
to  K because t h i s  label i s  not associa ted  with a subgroup of 
SU(3). Since the s t a t e s  of good angular momentum are pro jected  
via  (3.46) from a s ing le  i n t r i n s i c  s t a t e ,  spec i f ied  by {e »A»v}max 
we expect the SU(3) model to be va l id  only fo r  nuclei  which have a 
wel l -def ined  deformation. The underlying ideas of the  SU(3) model 
are th e re fo re  s im i la r  to  the ones of the geometrical model where 
the  deformation of a nucleus i s  given by the parameters e and y .
A s t a t e  in the N-th she l l  can be labe l led  by:
^SU(3)= l | l k l | f |Jlcx(Xvj)KL; | f D| 3ST;JM> (3.47)
Here S and J denote the t o t a l  i n t r i n s i c  spin and the t o t a l  angular  
momentum, r e sp e c t iv e ly .  In genera l ,  the o r b i t a l  angular momentum 
L and the i n t r i n s i c  spin S are coupled to give J .  Since we are
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concerned in t h i s  work only with low-lying conf igura t ions  of even- 
even nuclei S=0 and the re fo re  L=J. The quant i ty  T denotes the 
i sospin  of the system, while a and 6  are introduced to  resolve  
poss ib le  m u l t i p l i c i t i e s .
For the heavy deformed nuclei we use an SU(3)-*-S0(3) 
d e s c r ip t io n .  Because neutrons and protons f i l l  d i f f e r e n t  s h e l l s ,  
the U(D) symmetry changes. In the simplest version of the  model, 
the p a r t i c l e s  in the leve ls  of abnormal p a r i ty  can be considered 
to play the ro le  of i n e r t  observers so t h a t  the p ro p e r t i e s  of the 
nucleus are determined by the p a r t i c l e s  in the normal p a r i ty  
space. For each kind of nucleon the SU(3) i r rep s  are determined 
sep a ra te ly  and then coupled to give a t o t a l  SU(3) symmetry. This 
coupled SU(3) i r r e p  i s  reduced with respect  to  S0(3) to  y ie ld  
s t a t e s  of good angular  momentum.
3.5 The determination of the leading SU(3) representation
Through the in troduct ion  of a group l a t t i c e  we have been able 
to p a r t i t i o n  the valence space in to  many subspaces. Now we give a 
p r e sc r ip t io n  how to  pick out of a l l  the possib le  SU(3) i r r e p s  the 
one t h a t  dominates the low-lying energy region. I t  can be shown 
q u i te  genera l ly  t h a t  the dominant par t  of the long range nucleon- 
nucleon in t e ra c t io n  i s  given by the quadrupole-quadrupole force  
(Ell 6 6 ).  I f  t h i s  in t e ra c t io n  i s  w r i t ten  in terms of SU(3) 
genera tors :
hqQ= -QaQa= 3L2- 4C2 (3.48)
where i s  the second degree Casimir operator  of SU(3) with
eigenvalue:
<C2 > = ( x + y ) ( X + y + 3 ) - X y  ( 3 . 4 9 )
a
If  Hqq i s  evaluated within a s ingle  i r rep  of ( x y )  i t  has the 
eigenvalues:
Eqq= 3 L ( L+l) -4<C2> (3.50)
The assumption of a QaQa in te ra c t io n  leads to  a r o ta t io n a l
spectrum. The (x,y) dependence is  contained in C2  which
determines where on the energy scale  the r o ta t i o n a l  spectrum 
begins.  Rotations are mainly found a t  low energ ies ;  t h e re fo re  we 
have to  maximize the eigenvalue of the Casimir opera to r  which then 
in turn  determines the values of (x,y) fo r  the leading SU(3)
symmetry. The p a r t i t i o n  of the shell-model space in to  i r r e p s  of 
the d i f f e r e n t  groups is  i l l u s t r a t e d  in Figure 3 .2 .  We r e i t e r a t e
th a t  t h i s  p a r t i t i o n  i s  an extreme s im p l i f i c a t io n  of  the s h e l l -
model problem. Instead of cons idering matrices  of  the order  1000 





( X 2 /x2)
> i r reps  of U (D)
irreps of S U ( 3 )
> co n t a ine d  in a
single U ( D ) - irrep
The  i r reps  of S U ( 3 )  
a re  o rgan iz ed  
a c co r d in g  to the 
e igenvalue  of C2
Figure 3 .2 . P a r t i t i o n  of the space of the N-the o s c i l l a t o r  shell  
by the i r r e p s  of the d i f f e r e n t  groups.
4. The model ham iltonian
The ideas behind the concept of dynamical symmetries in
general and the  SU(3)->-S0(3) algebra in p a r t i c u l a r  have now been 
in t roduced .  In Chapter 2.1 i t  was shown how a model hamiltonian
can be b u i l t  from the generators  of a group. In case of the 
nuclear  SU(3) model t h i s  task  is  g re a t ly  f a c i l i t a t e d  by the 
ex is tence  of an i n t e g r i t y  basis  (IB). I t  co n s is t s  of the
following six opera tors  {L2 , C2 , Cg, X®, X^, X̂ } (Jud 74, GilDra
85) .  The q u a n t i t i e s  L and C2  have already been in troduced.  
The opera tor  Cg is  the t h i rd  rank Casimir in v a r ia n t  of SU(3) 
while the  remaining opera tors  are noninvar iant  SO(3) s c a l a r s .  
They are defined by:
Xge /3 (La * Qa x La )° (4.1)
Xa (k) = / ( 2 k + l ) [(La x Qa )kx (Qa x La )k]°  (4 .2)
X̂ = [Xa , Xa ] (4 .3)
The s u p e rsc r ip t s  denote the tenso r  rank of the coupled operators  
with respect  to  r o t a t i o n s .  In our c a lc u la t io n s  we wil l  use 
X4 (k = l ). The opera tors  with k*l are simply r e la ted  to  t h i s
choice by the following express ions:
Xa (k=2) = - |  Xa (k=l) - (5+ §  C2 )L2+ 2L4  (4 .4)
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Xj(k=3) = -  f  xJ(k-2) + (3- ±§ C2 )L2+ |  L4  ( 4 . 5 )
= |  X*(k=l) + (5- |  C2 )L2+ L4
The sum over a l l  the operators  is  a diagonal opera tor :
3
I  X*(k) = (3L2- 4C2 )L2  = -(Qa *Qa)L2  (4.6)
k=l * £
3
The operator  Xg i s  an t ihermit ian  and the re fo re  not in v a r ian t
under time r e v e r s a l .  The square of Xg i s  necessa r i ly  hermitian
and can be expressed in terms of the o ther  (IB) s c a l a r s .  For
these  reasons i t  i s  not used in the model hamiltonian.
The SU(3)+S0(3) algebra and the operators  X® and X̂  were
apparently  s tudied in depth fo r  the f i r s t  time by Racah and his
s tudents  (Rac 64, Sen 63, Leh 67).  Their work was mainly
concerned with the lab e l l in g  problem fo r  s t a t e s  in the
SU(3)-*-S0(3) chain | ( \p)yLM> , t h a t  i s ,  with the determination of
the  label  y which resolves  the L m u l t i p l i c i t y .  E l l i o t t  gave a
simple scheme fo r  t h i s  by introducing the quantum number K which
assumes in teger  values but leads to  nonorthogonal s t a t e s .  I f  one
2
could f ind an operator  which commutes with C2  , Cg and L , 
i t s  eigenvalue could be used as an addi t ional  label fo r  reso lv ing  
the  m u l t i p l i c i t y .  S ta tes  constructed  in t h i s  way would then be 
or thogonal.  Both Xg and X̂  are candidates fo r  such an 
o pera to r ,  t h a t  is  the number of operators  t h a t  can be used to  
reso lve  the s t a t e  labe l l ing  problem is  twice the numbers of 
l a b e l s .  However, i t  was shown by Racah and coworkers t h a t  they do
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not have simple eigenvalues .  Moreover, i t  was shown th a t  a 
nonorthogonal scheme leads to simpler expressions  fo r  the
a
eigenvalues then an orthogonal one. The operator  Xg was used
the  f i r s t  time by Bargmann and Moshinsky (named n in t h e i r  
papers) ,  but only to  resolve the missing label problem (BarMos 60, 
BarMos 61, Mos 75).  I t  i s  indeed d i f f i c u l t  to  give a physical
a  a
i n t e r p r e t a t i o n  fo r  Xg and X̂  s epara te ly .
For fu tu re  reference the matrix elements of the d i f f e r e n t  
opera tors  are given a t  t h i s  point :
L2  L(L+1)
<(xm)kL| C2  |(xm)kL> = (x+p+3)(x+p)-xu (4.7)
C g  [ 2 x 2+5Xy+2y2+9(X+VJ+l) ] ( X - y ) / 9
a  a
The matr ix elements of Xg and X̂  can be determined numerically
by using the SU(3) package of Akiyama and Draayer (AkiDra 73,
DraAki 73):
<(Xp )<L|x| | ( X h) k 'L> = L(L+1)/3(2L+1) W(L,1,L,1;L,2)
- < ( x m ) k L |  I Qa j | ( x m ) k. 'L> ( 4 . 8 )
<(X y) k L|X^(k)|(Xp ) k'L> = L(L+l)(2k+l)/(2L+l)
x I  ( - 1 ) L+L"+1 /(2L"+1) [W(l ,L,2,L";L ,k ) ] 2  
k" ,L"
X < (Xy)icL| |Qa | | (Xu) k,i L"> 
x < ( X y ) (c"LM | |Qa | | (Xy)tcL> ( 4 *9)
The quan t i ty  W denotes a S0(3) Racah c o e f f i c i e n t .  The reduced
matrix elements of Qa are given by:
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<(xy)K'L| |Qa | I (Xm) k L> = ( - l ) 4><C2>!s< ( x y ) K : L ; ( l l ) 1 2 |  I (Xy)K'L> p = 1
(4.10)
In (4 .9)  C2  denotes ,  as before ,  the second order  Casimir 
ope ra to r .  The phase f a c to r  $ is  zero fo r  y=0 and one fo r  
y*0 . The quan t i ty  < | | > rep resen ts  a SU(3)-*-S0(3) Wigner
P
c o e f f i c i e n t  t h a t  can be determined numerical ly.  The quan t i ty  k
(not to  be confused with the asymmetry parameter) is  used instead
of the E l l i o t t  label K to denote t h a t  the s t a t e s  are orthogonal 
(Ver 6 8 ) .  Due to  recent  work of the Belgium group (Mey 85) ,  i t  is  
now poss ib le  to  give a lgebra ic  expressions  fo r  the matr ix elements
a  a
of Xg and in the nonorthogonal E l l i o t t  scheme. These 
r e s u l t s  and t h e i r  r e l a t io n  to  the orthogonal bas is  used in our 
c a lcu la t io n s  are given in Appendix B.
Following the procedure ou t l ined  in chapter  two, a general 
model hamiltonian has the form:
h3= l  hbcdef(1-2)b <x| ) c ( x4 )d ci  4  (4.11)bcdef c J
Within a s in g le  SU(3) i r r ep  the  Casimir operators  C2  and Cg are 
cons tan ts  and wil l  the re fo re  be neglected in what follows.  They 
wil l  however become an important par t  of the hamil tonian i f  the 
model is  extended to  include several  r ep re sen ta t io n s  of SU(3).
The e f f e c t i v e  hamiltonian can be given in terms of the th ree
2  a aopera tors  {L , Xg, X^l. We propose the following ansatz  fo r  a 
hamil tonian which is  of maximum degree four  in the genera to rs :
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HS U (3 f  1 HH01 + al2+ bX3 + c X 4  <4 *12)
I t  is  w r i t t en  e n t i r e ly  in terms of U(3) generators  and does not 
mix d i f f e r e n t  SU(3) i r r e p s .  The HO term ind ica tes  the  underlying 
assumption for  the average shell-model p o t e n t i a l .  I t  only 
c o n t r ibu te s  a constant within  a s ingle  SU(3) re p re sen ta t io n  and 
wil l  a lso  be umitted in the fu tu re .  The e f f e c t iv e  hamiltonian is  
n o t  an SU(3) s c a l a r ,  t h a t  i s ,  i t  does not commute with a l l  the 
generators  of SU(3).  We w il l  demonstrate t h a t  i t  reproduces the 
physics  of the asynmetric ro to r  with in  c e r t a in  l i m i t a t i o n s .  To 
i l l u s t r a t e  the act ion of t h i s  model hamiltonian we p resen t  a 
gener ic  spectrum in Figure 4 .1 .
The hamiltonian b u i l t  from SU(3) generators  looks very 
s im i la r  to  the hamiltonian of  the asymmetric r o to r  given in 
sec t ion  1.3.  The d e f in i t i o n s  of the opera tors  I and La is  
equ iva len t .  However, the opera tors  Qc and Qa are not equal .  The 
SU(3) generators  Qa do not commute while t h e i r  c o l l e c t i v e  
counterpar ts  do. Another d i f fe rence  is  r e l a te d  to the  underlying 
physical p ic tu re s  of both models. The hamiltonian Hs y ( 3 ) is  
microscopic insofa r  as the operators  involve the momenta and 
coordinates  of the individual nucleons while does not conta in  
any information about the microscopic s t r u c tu re  of the nucleus.













bX 3 + cX4 ^ s u 3
Figure 4 .1 .  S p l i t t i n g  of energy leve ls  by
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to the e f f e c t iv e  nuclear  in te ra c t io n .  I t  is  bel ieved t h a t  two- 
body forces  dominate the res idual  nuclear  in te ra c t io n ,  while the 
model hamiltonian used in t h i s  work has up to  four-body terms. 
But as discussed in Section 1.6, i f  a two-body in t e r a c t io n  is  
pro jec ted  into a smaller space, renormalizat ion e f f e c t s  which 
include the p a r t i c l e  rank of the in te ra c t io n  are i n e v i t a b le .
5. Transformation between the rotor and SU(3) models
We already expressed the hamiltonian of the asymmetric ro to r
P e cin terms of the c o l l e c t i v e  operators  { I ' ,  Xg, X^}:
HASR= T V 2„ = a’l2+b'X3 +C'X4 (S'D
a
The c o e f f i c i e n t s  ( a 1, b ' , c ‘ } were given as funct ions  of the
i n e r t i a  parameters {A^, A2 , Ag} and the the eigenvalues of the
t r a c e l e s s  quadrupole opera tor  { \ p  X3 >. In order  to  r e l a t e
Hasr to  Hgy^g^ the {xa > have to  be expressed in terms of the
S U ( 3 )  rep re sen ta t io n  labe ls  ( x , p )  and the c o l l e c t i v e  opera tors  
c cXg and have to  be replaced by t h e i r  SU(3) co u n te rp a r t s .
Using the d e f i n i t i o n  of the h ighest-weight  s t a t e  in the SU(3)->-
SU(2 )xU(1) group chain we can r e l a t e  the r ep re sen ta t io n  labe ls  to
the  number of o s c i l l a t o r  quanta in the  d i f f e r e n t  s p a t i a l
di r e c t io n s :
e^ Q q >-<2Ng-Ni -Ng >=2\+u  ( 5 . 2 )
v=<2a^>=<N^-N2>=|i (5.3)
The symbol Na denote the number of o s c i l l a t o r  quanta in the
2
a - th  d i r e c t i o n .  Since <x > ~<N > and x ~ <N >, these  r e s u l t s
a a a a
to g e th e r  with the condit ion of t r a c e le s s n e s s  y ie ld  the following 
express ions:
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X̂ ~ (2x+y)/3 + 0 3 (5 .6)
The cons tan ts  must s a t i s f y  the condi t ions  o^+ 0 2 + Og= 0.  They 
are uniquely spec i f ied  by requir ing  th a t  the in v a r ian ts  of the 
c o l l e c t i v e  model go over in to  the invar ian ts  of the SU(3) model. 
With the choice o j=0,  0 2 = - l .  and c ^ + l  the  following r e l a t i o n s  
hold:
Trl(Qc )2 ] = x2+ x2+ x2  ~ § (x 2 +Xy+y2 +3x+3y+3) = |<C2> + 2 (5.7)
Tr[(QC) 3 ] = x3 +x3,  x3  '  ^ (2x 3 +3x2 y-3xp2 -2p2 +9x2 -9p 2 +9x-9y) = |<C3>
(5.8)
Care must be exercised when re l a t in g  the c a r t e s i a n  opera tors  
X3  and Xj and t h e i r  sphe r ica l ly  coupled SU(3) co u n te rp a r t s .  I t  
was found t h a t  the matr ix elements of these opera tors  are r e l a t e d  
by:
X3  <--------> (/10/6)X* (5.9)
and
Xjj <-------- > -<5/18)xJ (5 .10)
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The t ransform at ion  between the parameters of the hamil tonians are 
given by:
V x + V y + V z  s HASR ^ > HSU(3)= aL2+ bX3+ cX4 t 5 *11)
Ax a " /10 f l b ” 5 f 2c (5.12)
A = a 
y ✓10 f 2b
2 2 
I  f i c (5.13)
A -  a  z 7 To f ?  f 2c 5 3 (5.14)
^2^3 ^1^3 ^1^2
a  -  - ( - H  \  +  Ay  -  - £ - 1  Az )
23 
✓ 1 0  f
13 '12
1 ^ 2  ^3b = ----- ( - r r -  A + - 7^ -  A + A )v x D,-, y D1 0  z ’'23 '13 12
(5.15)
(5.16)
C  ̂ n Ax + D, ,  Ay + D1 0  V2 °23 '13 '12
(5.17)
f j =  X - y °23" ( f 3~f l ^ f l ■f 2 ) (5.18)
f 2= X+2y+3 Du = ( f 2 - f 3 ) ( f r f 2 ) (5.19)
f 3= -(2x+y+3) D1 2 =(f 3 - f l ) ( f 2"f 3) (5.20)
6.  Comparison of the rotor and the SU(3) model
So what has been accomplished? We have r ew r i t ten  the
hamiltonian of the ro to r  and subsequent ly shown th a t  a s im i la r
hamil tonian can be cons tructed  from SU(3) g en e ra to rs .  In Chapter
5 we derived a se t  of formulas th a t  allows us to  r e l a t e  the
parameters of both hamil tonians.  In t h i s  chapter  we wi l l
demonstrate  t h a t  using those formulas ^*su(3) r ePr °duces the
r e s u l t s  of the asymmetric r o to r .  The comparison of q u a n t i t i e s
ca lcu la ted  fo r  the ro to r  hamiltonian and i t s  SU(3) image is
divided in to  the following p a r t s :
1 ) r»2 symmetries
2) Eigenvalue spec tra
3) Special cons ide ra t ion  of the symmetric case
4) Miscellaneous q u a n t i t i e s
5) B(E2) ra te s
6 ) Selected ap p l ica t io n s  to  nuclear  physics
6.1 Is there a D2 symmetry associated  with the SU(3) hamiltonian?
The main goal of t h i s  chapter  is  to show th a t  the  r e s u l t s  of
the  asymmetric ro to r  can be reproduced by the model based on the
SU(3)->S0(3) a lgebra .  However, we s t a r t  by poin t ing  out a major
d i f f e r e n c e  between the two. While the hamiltonian matrix of the 
ro to r  has a to t a l  order  of (21+1) fo r  a given I with an i n f i n i t e  
number of allowed I va lues ,  the dimension of an equ iva lent  
submatrix of the SU(3) hamiltonian is  given by the formula:
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d ( x .u , I )  = [ (x + M + 2 -I ) /2 ] - [ (x + l - I ) /2 ] - [y + l - I ) /2 ]  (6.1)
The heavy brackets  [J denote the g r e a t e s t  p o s i t iv e  in teger
func t ion .  In t h i s  sec t ion  we wil l  use e i t h e r  I or  L to  denote
o r b i t a l  angular  momentum. From t h i s  formula i t  follows t h a t  the
maximum I value th a t  can occur in an SU(3) i r r e p  i s  I =x+y.' '  max
Furthermore, any p a r t i c u l a r  allowed I value occurs l e s s  than 
(21+1) times. When we r e f e r  to  the SU(3) model as the a lgeb ra ic  
image of  the r o to r  we always have to  keep in mind t h a t  the  SU(3) 
space is  r e s t r i c t e d  and the image can only e x i s t  with in  these  
boundaries .
Nonetheless,  fo r  I<min(x,u)+1 the dimensions of  the  SU(3)
space fo r  (x,y)=(even,even)  and the A-type ro to r  symmetry
agree.  In the ro to r  model the A c las s  is  the only one th a t
conta ins  an 1=0 s t a t e .  In the SU(3) model only the rep re sen ta t io n
(x,y)=(even,even) contains an L=0 s t a t e .  This equivalence lead to
the idea th a t  the o ther  choices fo r  the SU(3) i r r e p s ,  (x ,p)  =
(e ,o ) ,  (o,o) and (o ,e)  with e=even and o=odd, can be r e l a t e d  to
the remaining symmetry c la s ses  of the r o to r .  Unfortunately,
dimensional arguments are not s u f f i c i e n t  to make a f u r th e r
as so c ia t io n  between the two s e t s .  The B c la s se s  have a l l  the
a
same dimensionali ty  fo r  a c e r t a in  I value as do the  SU(3) i r r e p s  
( e ,o ) ,  (o,o) and ( o ,e ) .  In order  to  demonstrate the equivalence 
we cons ider  the t r a ce s  of the I submatrices of the ro to r  as given 
in Table 1.3. The r e s u l t s  of  the SU(3) model have to  be 
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L ( e v e n )
Figure 6 .1 .  Comparison of the t r a c e s  of the L-th submatrix fo r  







(X/x) = (31,7) 
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L ( o d d)
Figure 6 .2 .  Comparison of the t ra ces  of the L-th submatrix for  
HSU(3) and HASR fo r  L=odd*
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compared fo r  <=0 . We chose t h i s  parameter value because the
t ra c e s  are well separated fo r  the d i f f e r e n t  symmetries. In the 
p ro la te  or ob la te  l im i t  two symmetries have the same value fo r  the 
t r a c e .  The t r a c e s  of the ro to r  matrices  were ca lcu la ted  fo r  the 
i n e r t i a  parameters A^=10, and A^lOO, r e sp e c t iv e ly .  The
parameters of  were determined by the mapping formulas and
the t ra c e s  of  the  r e su l t in g  matrices  ca lcu la ted .  We chose the
(x,y) i r r e p  (30,8) as the  (e ,e )  r ep re s e n ta t iv e ,  because of i t s  
importance in the casej  an£j t h e neighbouring i r r e p s  as
r e p re s e n ta t iv e s  fo r  the o the r  p o s s i b i l i t i e s .  Observe t h a t  the  
agreement i s  ex ce l len t  between the two models as long as the
d im ens iona l i t ie s  co incide.
Besides dimensional arguments and the numerical equivalence 
of the t r a c e s  we can give a t h i rd  ind ica to r  fo r  the ex is tence  of a 
D2  symmetry fo r  ^ 11( 3 )* ^s * *'*ie t ransformation  behavior  of
the  wavefunctions i f  K i s  replaced by -K. For the r o to r  
wavefunctions i t  i s  e a s i ly  shown th a t :
(Xy)-KI _ / 1 \ X + y + I ( Xy) KI
*SYM M [~ 1} SYM M
Recall t h a t  fo r  the ro to r  model x and y do n o t  have a meaning 
beyond being e i t h e r  odd or  even. One can show th a t  the  SU(3) 
wavefunction e x h ib i t s  the same behavior (AkiDra 73):
( Xy ) - K I _  , n X+p+I (Xy) KI ,  .
SU(3) M SU(3) M
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In the SU(3) model the va r iab les  (x,y) have a physical meaning, 
but fo r  the t ransformation  K -K only t h e i r  even o r  odd
ch arac te r  m at te rs .  For t h i s  reason the ro to r  wavefunctions were
labe l led  by (x,y) . The d i f f e r e n t  D2  c la s ses  are associa ted  
with the SU(3) i r r e p s  in the following way: A «■ ( e , e ) ,
( o , e ) ,  (o , o) ,  and (e ,o ) .
6.2 The eigenvalue spec t ra  of and
After  having shown how to  assoc ia te  symmetry c la s se s  of the
ro to r  and SU(3) i r r e p s ,  we now demonstrate the agreement between
the  eigenvalue spec t ra  of the  two hamil tonians. We ca lcu la ted  the
r o ta t i o n a l  spec t ra  fo r  the four c la sses  of the Vierergruppe and
the  asymmetry parameters k=±1,0. We chose the i n e r t i a  parameters
A^=10, Ag=100 and A2 =1 0 , 5 5 , 1 0 0 , r e sp ec t iv e ly .  The corresponding
spec t ra  fo r  the SU(3) hamiltonian were determined fo r  the
rep re sen ta t io n s  (x,y) = (30 ,8) ,  (31 ,8) ,  (31 ,7 ) ,  and (30 ,7 ) ,
r e sp e c t iv e ly .  The parameters fo r  were determined by the
mapping formulas of  chapter  5. The r e s u l t s  are given in Figures
6.3-6 .14  fo r  the d i f f e r e n t  symmetries and the d i f f e r e n t  choices  of
the  asymmetry parameter. The organizat ion  of the  s t a t e s  in to
bands is  c o r rec t  only fo r  the prolate-symmetric case.  For the
o the r  two values of the asyrrmetry parameter i t  i s  merely done to
guide the  eye. Every p lo t  i l l u s t r a t e s  the  success of  the
mapping. The e f f e c t  of  the  f i n i t e  dimensionali ty  i s  b e t t e r
i l l u s t r a t e d  with smaller  values for  (x,y) l ik e  the (8 ,4) i r r e p  of 
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Figure 6 .3.  Eigenvalue spectrum of H^p in compared with the 
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Figure 6.15.  Energy spectrum of the ro to r  fo r  <=0 and the 
equivalent  spectrum in the SU(3) model with (x , m)=(8 ,4 ) .  The 
dashed box ind ica tes  the l im i t s  of the SU(3) space.
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toge ther  with the r e s u l t s  of an SU(3) ca lcu la t io n .  The dashed box 
shows the l im i t s  of the SU(3) space. The overal l  agreement 
between the two spectra  is good although i t  d e t e r io ra te s  somewhat 
with increas ing  I and K values ,  t h a t  is  toward the "edges" of the 
SU(3) space.
We now in v e s t ig a te  the mapping fo r  the high angular momentum 
s t a t e s  when the dimensions of the hamiltonian matrices  in the two 
models become vas t ly  d i f f e r e n t .  Consider,  for  example, the i r r ep  
(x.,y)=(40,8) . I t  contains  s t a t e s  up to  Imax=48, and the l a rg e s t  
I submatrices have dimension (5x5).  A ro to r  spectrum was 
ca lcu la ted  fo r  the usual choice of the i n e r t i a  parameters A^=10, 
A^lOO, and A2 =1 0 , 55, 100, re spec t ive ly .  Comparisons of the 
y r a s t  l in e  (lowest s t a t e s  of a given spin) of the ro to r  and the 
corresponding SU(3) r e s u l t s  are shown in Figures 6.16-6.18.  
Notice how good the agreement i s  fo r  I>9, the point  beyond which 
r o to r  and SU(3) hamiltonian cease to have the same dimensions.
In order  to  understand th i s  behavior we have to consider  the 
s t r u c tu r e  of the matrices  th a t  are involved in g re a te r  d e t a i l .  
Both the ro to r  as well as the SU(3) matrices are t r id i a g o n a l .  As 
indica ted  schematically  in Figure 6.19, the hamiltonian of the 
SU(3) model dup l ica tes  the matrix elements of a l a rg e r  ro to r  
hamil tonian.  We r e f e r  to  t h i s  par t  subsequently as the SU(3) 
space. The observed agreement of eigenvalues of the ro to r  and 
SU(3) hamiltonian ind ica tes  t h a t  the space outs ide  the SU(3) space 
is  not important ,  a t  l e a s t  not fo r  the lowest e igenvalues .  In 























Figure 6.16. Yrast s t a t e s  for  the (40,8) rep re sen ta t io n  of SU(3) 
compared with the ro to r  r e s u l t s  for  k= - 1  .
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Figure 6.17.  Yrast s ta t e s  fo r  the (40,8) r ep re sen ta t io n  of  SU(3) 
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Figure 6.18.  Yrast s t a t e s  fo r  the (40,8) rep re se n ta t io n  of  SU(3) 
compared with the ro to r  r e s u l t s  fo r  K=l.
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H SU3
H R O T
Figure 6.19.  The matrix fo r  a given I in the r o to r  model ( e n t i r e  
area)  as compared to the matr ix in the SU(3) model (shaded a r e a ) .
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s t ru c tu re  of the matr ix . The coupling of the SU(3) space to  the 
r e s t  i s  through the off-diagonal elements.  I f  they are small ,  the 
coupling is  small and the SU(3) space i s  independent of the r e s t  
of the matrix fo r  a l l  p r a c t i c a l  purposes.
For example, in the p ro la te  l im i t  H^y is  diagonal and the 
eigenvalues  are given by the diagonal elements.  There is  no 
coupling a t  a l l  between these elements.  I f  we move from the 
p ro la te  to the oblate  l im i t  the s ize  of the off-diagonal  elements 
grows and the mixing increases .  The p a r t  of the matrix outs ide  
the SU(3) space becomes more important,  even fo r  the lowest 
s t a t e s .  To give a s p e c i f i c  example consider  the case 1=40. The 
eigenvalues  of the matrix were ca lcu la ted  fo r  the fu l l  space. 
Subsequently rows and columns were deleted in s teps  of one without 
changing the  matrix elements.  The reduced matr ices  were then 
diagonal ized.  The t runca t ion  was continued u n t i l  the matrix was 
reduced to  the s ize  (5x5),  t h a t  i s  the s ize  of the equivalent  
matrix of the SU(3) hamiltonian fo r  ( x , jj) = (40 ,8) .  The e f f e c t  of 
these  successive t runca t ions  on the f ive  lowest eigenvalues are 
shown in Figure 6.20. The lowest s t a t e  i s  hardly influenced a t  a l l  
by the change in the dimension u n t i l  the matr ix i s  t runcated to 
the s ize  - (7x7).  The h igher- ly ing s t a t e s  are influenced a t  an 
e a r l i e r  s tage but the lowest f ive  eigenvalues do not change much 
once the matrix is  la rger  than - (10x10). This can be understood 
i f  the eigenvectors  are examined. In Table 6.1 the sum of the 
squares of  the f i r s t  f iv e  and ten components of  the eigenvectors  


















D im en s io n
15 20
Figure 6.20. The lowest f ive  eigenvalues of the ro to r  fo r  1=40 
are p lo t ted  as a funct ion of the dimension of the matrix  th a t  was 
diagonalized.
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Table 6.1 The p ro jec t ion  of the eigenvectors  of the f iv e  lowest e igen­
values in to  a f iv e  and ten  dimensional subspace f o r  1=40.
EIGENVALUE 5 9
1 0  0  
| a <'
# 1 0.99 1 . 0 0
r z 0 . 6 4 1 . 0 0




lowest e ig e n s ta te s .  The r e s u l t s  explain why the lowest 
eigenvalues are influenced very l i t t l e  by a t ru n c a t io n .  In 
p a r t i c u l a r ,  the lowest eigenvector  is  almost completely contained 
in the five-dimensional subspace. For the o ther  eigenvalues  t h i s  
i s  t ru e  to a l e s se r  degree, but they are almost completely 
contained in a ten-dimensional subspace. These r e s u l t s  a lso 
expla in  how the SU(3) model can reproduce the ro to r  spectrum so 
w el l ,  even beyond the poin t when the dimensions of the matrices  
are s ig n i f i c a n t l y  d i f f e r e n t .
6 .3  Special consideration of the prolate symmetric rotor
We have seen from the r e s u l t s  of the previous sec t ions  t h a t  
the mapping i s  good in general and ex ce l len t  fo r  the l im i t ing  
p ro la te  case.  In th a t  l im i t  the ro to r  hamiltonian i s  diagonal and 
so i s  HS|J^ :
2 ^  >2+ < 2 ^  - lAj'l '  "SYN*-* HSU (3f il2+  bXl  + °X4 <6‘4>
Considering the r a th e r  complicated s t ru c tu r e  fo r  the  expression
d. dlfo r  and i t  may be su rp r i s ing  t h a t  i s  diagonal
in a l l  of i t s  L submatrices.  The non tr iv ia l  p a r t  of the a lgeb ra ic  
hamiltonian is  given by (LesDra 8 6 ):
xa+ xXa X- Xrot > a i 2  + sk2  ( 6 . 5 )
To i l l u s t r a t e  t h a t  there  is  a special value of x fo r  which Y is
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near ly  diagonal consider  the measure:
4(N)*{ I  d(L) o2 (L) /  J d(L) |o 2 (L)+(e (L)-e )2 ] )^  ( 6 . 6 )
L=0 s L=0
2
In t h i s  formula ° S(L) measures the con tr ibu t ion  of the o f f -
diagonal elements to the spread in the eigenvalues of the L-th
submatrix. This i s  e s s e n t i a l l y  the sum of the squares of the
off-diagonal  matrix elements.  The to ta l  var iance,  t h a t  i s ,  the
2 2 2spread of the eigenvalues ,  i s  given by o = os (L) + (^(L) where 
2
o^(L) denotes the con tr ibu t ion  of the diagonal elements to  the 
eigenvalue spread. The q u a n t i t i e s  e and e(L) denote the
cen t ro ids  of the e n t i r e  SU(3) matrix and the L-th submatrix, 
r e sp e c t iv e ly .  The dimensionali ty  f a c to r  d(L) i s  equal (2L+1) 
times the m u l t i p l i c i t y  of L in ( Xy).  This formula descr ibes  a 
cumulative measure, t h a t  i s ,  i t  is  the sum of the c o n t r ibu t ions  of 
the d i f f e r e n t  submatrices up to  some maximum value N. Clear ly  
a i s  normalized, 0 < A  < 1, with zero applying i f  the 
submatrices are a l l  diagonal and one i f  the system has degenerate 
diagonal and non-zero off-diagonal  elements.  In Figure 6.21 a(N) 
i s  p lo t te d  as a function of N and x fo r  the (30,8) i r r e p  of 
SU(3). The minimum a  fo r  each N def ines  xRq j .  We found th a t
fo r  a l l  p r a c t i c a l  purposes xRqj is  independent of the value of 
N. The "pro la te"  val ley  runs p a ra l l e l  to the N-axis.  In Figure 
6.22 we present  one s l i c e  of the th ree  dimensional p lo t .  The
r e s u l t  fo r  a  with N=x+p i s  p lo t ted  as a funct ion of x fo r
the  (30,8) i r r e p .  We observe a sharp resonance l ike  behavior
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Figure  6 .21 .  The dependence of A ( z - d i r e c t i  on) on x ( l e f t  to  
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Figure 6 .22 .  The dependence of a on x fo r  N=\+p fo r  ( \ , | i ) = ( 3 0 ,8 ) .
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which is  typ ica l  for  a l l  cases s tudied.  The point labe l led  n in
t h i s  p lo t  i s  fo r  x=0 when Y reduces to which i s  the n-
operator  of Moshinsky. For smaller x the resonance region is
less  pronounced, while for  la rge r  x the minimum i s  smaller  and 
the dip narrower. This is  i l l u s t r a t e d  in the Figure 6.23 where
the (30,8) r e s u l t s  are compared with the corresponding (xy) =
(50 .8) ,  (40 ,8) ,  (20,8) ,  and (10 ,8) ,  r e s u l t s .  From th i s  p ic tu re
a  a
one no t ices  t h a t  n e i the r  X̂  nor X̂  by themselves can reproduce
the p ro la te  l im i t .
In add i t ion  to demonstrating tha t  the Y-operator is  near ly
diagonal fo r  x=xROj  i t  i s  necessary to show tha t  i t  reduces fo r
2 2
x=xR0T t 0  a 1inear function of L and K . In Figure 6.24 the
diagonal elements of Y are p lo t ted  as a function of L(L+1) fo r  the
(30.8) r ep resen ta t ion  o f  SU(3). The K-bands are nearly  l in e a r  
with s lopes  which depend only weakly on K. The b e s t - f i t  value fo r  
the slope in each K-band is  given in Table 6 .2 .  The best  f i t  of
the K-in te rcepts  y ie ld s  a value fo r  6=109.4.
Note th a t  there i s  a pronounced odd-even e f f e c t ,  f o r  K * 0 
the even L values l i e  above the odd ones. This can be t raced  to
the f a c t  t h a t ,  for  example, fo r  K=2 even L s t a t e s  are
orthogonalized agains t  t h e i r  K=0 p a r tn e rs ,  while t h i s  i s  not
necessary fo r  the odd L values because there  are no odd L, K=0
s t a t e s  in the (30,8) i r r e p .  For la rger  x the l i n e a r i t y  of each 
band i s  g re a te r  and the u n c e r ta in t ie s  l e s s .  So we have
demonstrated by t h i s  numerical exerc ise  t h a t  Xa and Xa can be
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Figure 6.24. Diagonal elements of the Y-operator as a funct ion  of 
L(L+1) fo r  x=XpoT*
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Table 6.2 Slopes « of K bands ot  the (Xu) = (30,8) 
r e p r e s e n t a t ion of SU(3) along with t h e i r  
u n c e r t a in t ie s  and the values fo r  the in t e r c e p t s .
BAND a 6 INTERCEPTa
0 - 8 . 2 2 0.05 2887
2 e -6.56 0.03 3135
2 ° -7.50 0 . 0 2 3225
4e -6.61 0.16 4222
4° -7.00 0.07 4305
6 e -8.06 0 . 2 0 6465
6 ° -8.13 0.14 6474
8 -10.58 0.05 9846
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degree and the diagonal elements and hence the eigenvalues are
2 2l i n e a r  funct ions  in L and K .
I t  i s  t r i v i a l  to determine from the mapping formulas the 
parameter Xrot :
_  - V  10______  / c 7 \
xR0T 2(2x +y +3)
In Figure 6.25 the r e s u l t s  of t h i s  formula are displayed to ge the r  
with the numerical c a lc u la t io n s .  A th i rd  curve labe l led  Filippov 
r e s u l t s  from F i l ip p o v 's  work (Fil  85).  He t r i e s  to  r e l a t e  the 
SU(3) hamiltonian with the hamiltonian of a t r i a x i a l  r o to r  but 
approaches the problem in a d i f f e r e n t  way. Nonetheless,  a xRqj 
value ex t rac ted  from his  r e s u l t s  la rge ly  agrees with the one 
derived here. The parameter from his  work can be ca lcu la ted  as :
Fil  _ - /10  ,(■
xR0T " 2(2x +y +6 )
The formulas d i f f e r  th e re fo re  only by a cons tant which becomes 
neg l ig ib le  i f  x and/or  y are  large .
6.4 Miscellaneous resu lts
As the t i t l e  suggests the r e s u l t s  given in t h i s  sec t ion  are  a 
c o l l e c t io n  of things  t h a t  f u r th e r  demonstrate the v a l i d i t y  of the 
mapping but are  d i f f i c u l t  to summarize under another heading. The 
f i r s t  comparisons given are fo r  the cen tro id  and the variances  of 
the L submatrices.  For the ro to r  we gave a n a ly t ic  expressions fo r
- 4
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Figure 6.25.  The parameter Xrq j  for  ( x , 8 ) i r r e p s .  Numerical 
r e s u l t s  are compared with a lgebra ic  r e s u l t s .
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the A c l a s s .  These r e s u l t s  were compared to numerical r e s u l t s  of
the SU(3) c a lc u la t io n s .  Figure 6.26 shows the r e s u l t s  fo r  e
2
and o of the (30,8) rep resen ta t ion  in terms of the  ro to r  
r e s u l t s .  The graph ind ica tes  tha t  the agreement i s  b e t t e r  than 5% 
as long as the dimensions of the matrices  coincide.  Beyond t h i s  
point they devia te  s t rong ly .  Therefore, these examples do not 
show th a t  the eigenvalues of the ro to r  are well reproduced by the 
SU(3) model, even beyond the cu t -o f f  po in t .
Consider the mapping from the inva r ian ts  of the c o l l e c t i v e  
model to  the invar ian ts  of the SU(3) model. This correspondence 
can be used to r e l a t e  the parameters of the hydrodynamical model 
( s , y) ,  to  the i r rep  labels  of SU(3), (Xp). The parameters ( b , y) 
are r e la t e d  to  the quadrupole operator  in spherical  form by:
< Q q >  ~  b c o s y  ( 6 . 9 )
<0 ^  ~ 0  ( 6 . 1 0 )
<Q+2> ~  ( l / / 2 ) B s i n Y ( 6 . 1 1 )
They are expressed in terms of the eigenvalues of the c a r t e s i a n  
form of Qc by:


















Figure 6.26. Centroids and variances  of SU(3) model matrices  in 
terms of t h e i r  ro to r  equ iva len ts .
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x2~ |- [cosy + /3  sinv] (6.13)
x 3 ~ 2 c o s y  ( 6 . 1 4 )
In se r t ing  these values into the expressions fo r  the  inva r ian ts  
we f ind  th a t :
Tr[(Qc ) 2 ] ~ |  b2  ~ |<C2> + 2 (6.15)
Tr[(QC) 3 ] ~ |  e3 c o sy ~ I  <C3> (6.16)
From these formulas one e a s i ly  determines th a t  :
e ~ |  (<C2 >+3)Js (6.17)
1 1 <C3>
y  a r c c o s i ------------- (6.18)
3 2 i<C2> +
The in t e r p r e t a t i o n  of <C2> and <C^> can th e re fo re  be given in 
terms of the shape parameters.  The operator  C2  measures the t o t a l  
deformation while C3  gives the shape asymmetry. The r e l a t i o n s  
between ( b , y ) on the one hand and ( x , y )  on the  o the r  are displayed 
in Figure 6.27.  This an a ly t ic  connection between the  SU(3) labels  
and the deformation is  important because standard arguments are of
a more q u a l i t a t i v e  nature ,  t h a t  is  i f  \>  p the nucleus was
considered to have an i n t r i n s i c  p ro la te  deformation, and i f  y> x 








— k /3 —
Figure 6.27. The connection between the parameters of the 
hydrodynamical model, ( b , y ) ,  and the SU(3) i r rep  labe ls  ( x , w ) .
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deformation.
We r e i t e r a t e  th a t  there  are two d i f f e r e n t  concepts 
involved. The mapping formulas involve the moments of i n e r t i a  of 
a ro to r  and, as shown here, Hsu ( 3 ) r e Produces the dynamics of the 
ro to r  for  any choice of ( x ,y ) .  In order  to determine the  shape 
of the nucleus one needs a model to r e l a t e  the eigenvalues of the 
mass quadrupole operator  to a geometrical form. For example, in 
the  hydrodynamical model i t  i s  assumed th a t  nucle i  have an 
e l l i p s o i d a l  shape and the eigenvalues of Qc can be in te rp re te d  
accordingly.  By means of the Formulas 6.15 - 6.18 the  SU(3) 
rep re sen ta t io n  labels  x and p can be re la ted  to shape as defined 
in the  hydrodynamical model. However, in the geometrical model 
the re  e x i s t s  a r e l a t io n  between moments of  i n e r t i a  and the shape, 
while these  q u a n t i t i e s  are independent in  the SU(3) model.
6.5 B(E2) t r a n s i t i o n  r a t e s  in  the  two models
F ina l ly  we compare the r e s u l t s  fo r  the reduced quadrupole 
t r a n s i t i o n  r a t e s .  The B(E2) r a t e s  were already defined fo r  the
ro ta t io n a l  model. The general expression fo r  the B(E2) r a t e s  fo r  
t r a n s i t i o n s  between s t a t e s  with t o ta l  angular momentum J .  and 
J f , r e sp e c t iv e ly ,  is  given by:
2 J f + 1 o 9
B(E2 ; J r  J f ) = — l  |<Jf ||Qe ||J i>r (6.19)
1 r 2 J . +  1 r 1
Since our app l ica t ions  are fo r  the ro to r  and even-even nuclei we 
have e i t h e r  J=I or J=L. The e l e c t r i c  quadrupole moment Qe i s
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defined fo r  a nucleus with A=Z+N nucleons as:
1 3 - J l , .  .  * e r  , ,  , , , ,  _ 2 „ 2 ,
v  e 1 J 1 r i VM(0 i - * i ) ‘  f  1£ l l l - , i (1)l  r i Y; ( 9 i - ‘ i> (6 -20)
The var iab le  i ( i )  gives the z-component of the isospin  (-1 for  
protons ,  +1 for  neutrons) .  One has to be carefu l  to d i s t in g u ish  
Qe from the mass  quadrupole operator  Qc . The SU(3) generator
a  P
Q looks very d i f f e r e n t  from Q since i t  involves the momenta
of the p a r t i c l e s .  However, within a s ingle  o s c i l l a t o r  s h e l l ,  one
2 2 4f inds  t h a t  <p > = <r >/b and the re fo re :
(6 . 21)
In order  to compare Qq with Qe one has to  take in to  account 
t h a t  the e l e c t r i c  quadrupole operator  involves only the protons 
while Qa i s  a sum over a l l  p a r t i c l e s .  The problem i s  s im pl i f ied  
s ig n i f i c a n t l y  when the  conf igura t ions  of i n t e r e s t  have to t a l  
isospin  T=0, which appl ies  to  nuclei with N=Z=A/2. In t h i s  case
a  /■*
Q is  the proport ional  to  the mass-quadrupole opera tor  Q and 
the  following r e l a t io n  holds:
<T=0> = T T  <!> H <6 ' 22>
In order  to  compare the B(E2) r a te s  from the two models we proceed 
as follows.  We again choose the usual se t  of i n e r t i a  parameters 
A3 =1 0 0 , Aj=10, and A2 =1 0 , 55,100, covering the p ro la te ,  most
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asymmetric, and oblate  cases .  The parameters fo r  are
obtained through the mapping formulas.  The SU(3) hamiltonian is  
d iagonal ized and the eigenvectors  are used to  c a lcu la t e  the  B(E2) 
r a t e s :
BSU3 (E2 ,J i N. W
2Jf + 1 
2 J .+ 1
ce b 5 J f Nf
64
J.N.
I I C V C KKi Kf *i
(6.23)
The q u a n t i t i e s  Ni and are running labe ls  to  d i s t in g u ish  between 
s t a t e s  with the same J value.  The eigenvector  components are 
given by CJ Ĵ and the reduced matrix elements are evaluated by 
the formulas from Chapter 4. Since Qa i s  a generator  of SU(3) 
the quadrupole t r a n s i t i o n s  cannot connect s t a t e s  a r i s in g  from 
d i f f e r e n t  (x,u) and the re fo re  these labe ls  are suppressed.
So how do we compare these  r e s u l t s  properly to  the ones from 
the r o ta t i o n a l  model? We r e c a l l  t h a t  the B(E2) r a t e s  were given 
in terms of th ree  parameters kg, k£ and r .  These parameters are 
the  expecta t ion values of the the components of the  i n t r i n s i c  
quadrupole tenso r .  The corresponding r e s u l t s  fo r  Qa can be 
derived from the d e f in i t i o n  of the highest-weight s t a t e  and the 
d iscuss ion  in Chapter 5:
<Qq> -  2x+y+3 (6.24)
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<Q*?> = / ( 3 / 2 ) ( m l )  (6.25)
These r e s u l t s  d i f f e r  from the t r a d i t i o n a l  r e s u l t s  (5 .2 -5 .3 )  by 
some cons tan ts .  The d i f fe rence  r e s u l t s  from the in t roduc t ion  of 
the parameters oq which were needed to map the in v a r ia n ts  of  the 
models into each o ther .  Using these r e s u l t s  and taking in to  
account the e l e c t r i c  and the mass quadrupole moment conversion 
f a c to r s  we f i n a l l y  can express the parameters of the ro to r  model 
in terms of the q u a n t i t i e s  x and p.
k0= J -  (2X+M+3) (6.26)
2  ^
k2= (1§7 > f-(|>Vl) <6-27)
r  '  / 3  2x+y+3 <6 ‘28>
The B(E2) r a t e s  fo r  the the SU(3) model were ca lcu la ted  using
(6 .23) .  Subsequently the corresponding c a lc u la t io n s  in  the ro to r  
model were done using the expressions (6.26 -  6.28) f o r  the 
parameters k0 , k2  and r .  The f i r s t  r a te  we compared i s  fo r  the 
branching r a t i o  B(E2; 2^- 2*)/B(E2; 2̂ -> 0^) fo r  the c l a s s  A. 
The r a t e s  are ca lcu la ted  fo r  d i f f e r e n t  asymmetry parameters (v ia  
the mapping formulas) fo r  the (30,8) and (8,4) i r r e p s .  The 
r e s u l t s  are shown in Figure 6.28. Independently the r a t i o  of  r  
was determined from the above formulas fo r  both i r r e p s  as 

















0.2 0.4 0 £  0.8
Figure 6.28.  Branching r a t i o  fo r  the B(E2) r a t e s  of the ro to r  
model are compared to  the values fo r  two d i f f e r e n t  SU(3) i r r e p s .
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arrows in Figure 6.28. The values are  c o n s is te n t  with the 
branching r a t i o  ca lcu la ted  in the SU(3) model.
What about the absolute sca le  which i s  determined by
2
? In order  to  check i f  the r e s u l t s  from the two models agree 
we have to compare absolute  t r a n s i t i o n  r a t e s ,  r a t h e r  than 
branching r a t i o s .  Before present ing the r e s u l t s  of these  
c a l c u l a t i o n s ,  we want to  give a short  overview on u n i t s  f o r  B(E2) 
r a t e s  in nuclear  physics .
So f a r  the l e t t e r  b was reserved fo r  the o s c i l l a t o r  length .  
However, i t  i s  a l so  used as the  abbrevia t ion fo r  the u n i t  barn:
lb = 1 0 ~2 4 cm2  (6.28)
Commonly B(E2) r a t e s  are expressed in:
IB(E2)] = e 2 b2  (6.29)
where b now stands fo r  barn. In o ther  re fe rences  one might f ind 
the  t r a n s i t i o n  r a t e s  given in:
f B(E2)| = e 2 fm4  (6.30)
The quan t i ty  "fm" denotes fermi and is  a length u n i t ,  
lfm = 10"^cm and th e re fo re  lfm4= 10- 4 b2 . Frequently  the 
t r a n s i t i o n  r a t e s  are given in Weisskopf and Single  P a r t i c l e  
Units .  The d e f in i t i o n  of  a Weisskopf Unit (WU) i s :
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1WU = 0.06 A (6.31)
The physical  meaning of t h i s  un i t  i s  given as the es t im ate  of  a 
s ingle  proton t r a n s i t i o n  from an 1=2 to an 1=0 s t a t e .  The so- 
ca l led  Single P a r t i c l e  Unit (SPU) is  simply r e l a te d  to  the 
Weisskopf Unit by:
The physical i n t e r p r e t a t i o n  of t h i s  u n i t  i s  t h a t  of a s ing le  
proton t r a n s i t i o n  p ro b a b i l i ty  from an 1 = 0  to an 1 = 2  s t a t e ,  which 
explains  why the  SPU d i f f e r s  from the WU by a f a c to r  5. Our 
r e s u l t s  wil l  be given in WU, in order  to avoid confusion between 
the  un i t  b(arn) and the o s c i l l a t o r  length. Since, fo r  the  general 
comparisons which are not  t i ed  to a p a r t i c u l a r  nucleus,  we p re fe r  
to  use a WU th a t  does not depend on the number of nucleons A. In 
order  to  obta in  the regu lar  Weisskopf u n i t s  our r e s u l t s  have to  be 
divided by A2^3 , th a t  i s :
The c a lc u la t io n s  have been done fo r  an array of intraband and 
interband t r a n s i t i o n s  for  the  four d i f f e r e n t  symmetry types and 
th ree  asymmetry parameters.  The r e s u l t s  of the intraband 
ca lcu la t io n s  are shown in Figures 6 .29-6 .40.  Each of these
1SPU = 5xWU = 0.3 e (6.32)
B(E2)[this  paper] /  A2/3= B(E2) [WU] (6.33)
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f ig u res  conta ins  several graphs. We show B(E2) r a t e s  for  
t r a n s i t i o n s  between levels  from the two lowest bands with 
| J^-J^ |=2  and 1J - - | =1 . In the A and c las ses  of the ro to r  
and t h e i r  SU(3) counterparts  only aJ=2 are poss ib le  w ith in  the 
lowest (K=0) band. For the interband t r a n s i t i o n s  we p resen t  the 
r e s u l t s  fo r  some selected cases as histograms in Figures 6.41-  
6.44.
From these  graphs one recognizes t h a t  the B(E2) r a t e s  behave 
s im i la r  to the eigenvalues. For t r a n s i t i o n s  between low-lying 
s t a t e s  the agreement is exce l len t  while i t  decreases fo r  h igher  J-  
values .  There are some in te re s t in g  fea tu res  in the shape of  the 
curves as a function of the  asymmetry parameter. Some of  them
show a c l e a r  odd-even e f f e c t ,  depending on whether i s  even or
odd. A d i f fe ren ce  between the  r e s u l t s  of the r o to r  and the  SU(3) 
model can be observed, for  example, fo r  the t r a n s i t i o n s  in the 
y r a s t  band of the A c la s s .  The B(E2) r a t e s  in the SU(3) model 
reach a maximum for  -10 and become smaller fo r  h igher  J 
values .  In the ro to r  model such a drop-off  is  not observed.
All these comparisons have been done fo r  the  specia l  case 
T=0, when a simple r e la t io n s h ip  between Qe and Qa e x i s t s .  
However, t h i s  s i t u a t io n  appl ies  only to  a l imited number of 
n uc le i .  Heavy nuclei have N>Z and are th e re fo re  excluded from 
such a simple ana lys is .  Consider,  fo r  example, the ra re  ea r th  
region.  As b r i e f l y  described in sec t ion  3.1 these  nuclei can be 
described by the pseudo-SU(3) model. The point  of i n t e r e s t  f o r  us 
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Figure 6.29.  B(E2) values ( in  corrected Weisskopf Units) fo r  the
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Figure  6 .4 1 . Selected in terband t r a n s i t i o n s  fo r  d i f f e r e n t  
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Figure 6 .43 .  As in Figure 6 .41 .
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Figure 6 .44 .  As in Figure 6.41.
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are described by separate  SU(3) symmetries ( x ^ , ^ )  and (x^ .y^) ,  
r e sp ec t iv e ly .  These i r r ep s  are subsequently coupled to  give the 
leading SU(3) i r r e p ,  ( x , y ) .  The SU(3) generator  Qa must be 
s p l i t  into a neutron and a proton pa r t :
Qd- Q, * Q, (6.34)
This separa t ion  i s  always possib le  and not l imited to  the  case 
when neutrons and protons f i l l  d i f f e r e n t  s h e l l s .  We have to 
evaluate  t h i s  operator  between coupled SU(3) s t a t e s  which are 
given by:
'*,SU3= I (x7r*iJTI) ( xv ,̂v)5<5( x»»i) kLM> (6.35)
In t h i s  expression p denotes a m u l t i p l i c i t y  l a b e l ,  s ince a given 
i r r e p  ( x , y )  can occur several  times in the coupling of the  neutron
a
and proton spaces. The matr ix elements of Q are given by the 
formulas of sec t ion  4.1:
<^SU31(x^)KLJI|Qa 11*5 y3 I ( Xp)< 1 L1> =
( - l ) * x  2 \ < Z 2>]h  <(xp)<'Ll ; ( l l )12 | | (xy )K L > p=1 (6.36)
a
Therefore the matrix elements of Q only depend on the  t o t a l  
i r r e p  (x,y) and not on the proton and neutron space i r r e p s .  The 
s i t u a t i o n  is  d i f f e r e n t  when the reduced matrix elements of Q and
Qv are ca lcu la ted  separa te ly .  I t  has been found (DraWee 84) t h a t :
< ( x i i , p 7i ) ( x v , y v)) ; p ( x y ) K L | | Q T | | ( x Ti, p iT) ( x v , % ) ; p ( x lJ) K 1L , > =
<C?> I* aw ( ) = <{1u)kL| lQa | I (X m)*c ' L ( 6. 37)
’ <C2>
The label  t stands for  proton ( ti) or neutron (v ) ,  r e sp e c t iv e ly .  
The opera tors  C2 and C2 denote the Casimir opera tors  fo r  (x ,y ) 
and (x ,p ) ,  r e sp ec t iv e ly .  The weight f a c to r  wt i s  a 9 - (x ,y )  
c o e f f i c i e n t  and has to be determined numerically .  To c a lc u la t e  
the B(E2) r a t e s  only the reduced matrix elements of  are 
needed. The f a c to r  i s  approximately equal t o  the
r a t i o  Z/A. For the case t h a t  Z=N=A/2 i t  has the  numerical value 
0.5 and we recover  the r e s u l t  fo r  T=0. Now the r e l a t i o n  between 
the e l e c t r i c  quadrupole operator  and the SU(3) genera tor  can be 
given in g e n e ra l :
Qe= eb2̂  Q,
■  eb24 i ^  \ Qa <6-38>1011 <c2>
As before the ro ta t io n a l  parameters kQt k2 and r  are  w r i t t e n  in 
terms of (x ,p ) :
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2 5 <*'2> v= eb (tz t) (— ) 2 w (2X+P+3) (6.39)iD1t <c2>
Similar ly  the r e s u l t  fo r  k2 can be derived:
ek2= <f2> = eb2 ^ ) * 5 w j f ) 1* (m+1) (6.40)
The r a t i o  r= /2 k2/kg does not depend on the sca l ing  f a c to r s  and 
remains unchanged from the T=0 case.
6.6 Application of the SU(3) model to  nuclear physics
So f a r  we have demonstrated, using a v a r ie ty  of measures,  
t h a t  the  model based on the SU(3)+S0(3) algebra reproduces the 
r e s u l t s  of the asymmetric r o to r .  What follows are some 
a p p l ica t io n s  to  actual nuc le i .
2 4The f i r s t  nucleus t r e a te d  is  Mg. In Figure 1.4 we showed 
th a t  p a r t  of  i t s  e x c i t a t io n  spectrum can be f i t t e d  by the r o to r  
hamil tonian. We now use the mapping formulas to transform from 
the  i n e r t i a  parameters,  th a t  were determined in a l e a s t  squares 
f i t ,A j=195 .3  keV, A2=195.75 keV, and A3=848.5 keV, to  the 
parameters of  the SU(3) hamiltonian. The r e s u l t s  of t h i s  mapping 
are  a=239.0 keV, b=20.93 keV, and c=-1.442 keV. These parameters 
are  fo r  the (8,4) i r r ep  of SU(3). The r e s u l t  of the subsequent 
d iagona l iza t ion  of i s  shown in Figure 6.45 toge the r  with
the  experimental and ro to r  r e s u l t s .  As should be expected, the 
eigenvalues  of t rack  very c lose ly  the ones of the  r o to r .
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Figure 6.45.  Spectrum of *^Mg together  with a r o ta t i o n a l  f  
the r e s u l t s  fo r  Hs u ^ .
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Table 6.3 The r e s u l t s  of the reduced quadrupole t r a n s i t i o n  r a t e s
B(E2; -* JfNf) f ° r  ^Mg given in Weisskopf Units .  The
th e o re t i c a l  r e s u l t s  are shown with and without  an e f f e c t i v e  
charge.
J i Ni J f Nf SU(3) SU(3) [ee f f ] EXPERIMENT
2 1 0 1 5.5 20.5 20.5 ± 0 . 6















3 1 2 2 9.7 36.6 34.0 ± 6
4 2 2 2 3.0 11.2 16.0 ± 3
5 1 3 1 4.4 16.7 28.5 ± 5
5 1 4 2 5.0 18.9 14.0 ± 6
6 2 4 2 5.0 18.9 23.0
8 2 6 2 4.3 16.2 >3
2 2 0 1 0.8 2.9 1.4 ± 0.3
2 2 2 1 1.1 4.0 2.7 ± 0.4
3 1 2 1 1.4 5.1 2.1 ± 0.3
4 2 2 1 0.5 1.8 1.0 ± 0.2
4 2 4 1 1.3 5.0 1.0 ± 1.0
5 1 4 1 1.3 4.7 3.4 ± 0.8
6 2 4 1 0.5 1.8
+0 8 
0*® _0.3
1 WU=4.112 e? fi»4







Figure 6.46. B(E2) r a t e s  fo r  t r a n s i t i o n s  in the y r a s t  band of
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In Table 6.3 the r e s u l t s  fo r  various interband and intraband 
t r a n s i t i o n s  are given. For t r a n s i t i o n s  in the y r a s t  band 
t h e o r e t i c a l  a i u  experimental r e s u l t s  are shown in Figure 6.46. 
One must be carefu l  with comparisons between any theory and these  
experimental r e s u l t s ,  since the l a t t e r  are of ten  not known very 
accu ra te ly .  The SU(3) r e s u l t s  as they are ca lcu la ted  by the 
formulas given in t h i s  chapter  d i f f e r  from the experimental ones 
by a q u i te  large margin. This f ea tu re  is  overcome by introducing 
an e f f e c t i v e  charge, t h a t  i s ,  replacing e by (e+ee f f ) .  The 
numerical value of eg^  is  determined from a s ing le  t r a n s i t i o n  
r a t e ,  u sua l ly  the B(E2,^2 -» *0).  For ^4Mg th i s  r e s u l t s  in to  an
e f f e c t i v e  charge ee ff=0.94. I f  the th e o re t ic a l  c a lc u la t io n s  are 
cor rec ted  by eef f  they reproduce reasonably well the experimental 
r e s u l t s  as shown in Figure 6.46. The f a c t  t h a t  the t r a n s i t i o n  
r a t e s  from the  "raw" c a lc u la t io n s  d i f f e r  from the  experimental 
ones by a constant  f a c to r  shows the l im i ts  of the  SU(3) model. 
The reason fo r  the dev ia t ion  l i e s  in the t runca t ion  of  the f u l l  
shell-model space to a s ing le  i r r ep  of SU(3) and a small number of 
valence nucleons. The core nucleons do not con tr ibu te  to  the 
quadrupole moment and the B(E2) r a te s  in the SU(3) model. In 
r e a l i t y  a l l  protons will  con tr ibu te  to  the electromagnetic  
t r a n s i t i o n s ,  the re fo re  explaining why the r a t e s  are underestimated 
in the SU(3) model. In order  to compensate fo r  the severe 
t ru n ca t io n  one has to  renormalize the quadrupole opera tor  by 
introducing an e f f e c t iv e  charge.
We now tu rn  our a t t e n t io n  to * ^ E r .  as s ta ted  before ,  the
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ra re  ea r th  and ac t in ide  regions are a much more f e r t i l e  ground to 
f ind  r o ta t io n a l  data than the  l ig h t  nuc le i .  Without indulging too 
deeply in to  the d e t a i l s  of the pseudo-SU(3) model, we s t a t e  here 
only the re levan t  r e s u l t s  fo r  t h i s  d iscuss ion .  The leading i r r ep  
i s  the (x,y) = (30,8) .  Within t h i s  i r r ep  the lowest two
r o ta t io n a l  bands shown in Figure 1.5 can be reproduced. In order  
to include,  fo r  example, the exci ted  0+-band the model space has 
to  include secondary i r r e p s .  A r o ta t io n a l  f i t  leads  to  the 
i n e r t i a  parameters A^=12.67 keV, A2=12.72 keV, and Ag=195.9 keV 
which y ie ld s  an asymmetry parameter k=-0.999 and th e re fo re  an 
almost p ro la te  i n e r t i a  e l l i p s o i d .  The parameters of are
determined by the mapping formulas for  (x ,y )= (3 0 ,8 ) . The r e s u l t s  
are a=30.345 keV, b=1.842 keV, and c=-0.04108 keV The r e s u l t s  
of the d iagonal iza t ions  of both hamiltonians are shown in Figure 
6.47 along with the experimental da ta .
The ro ta t io n a l  f i t  i s  a lo t  b e t t e r  than fo r  ^Mg, ver i fy ing
the  statement th a t  the r o ta t io n a l  s t ru c tu r e  is  b e t t e r  developed
fo r  heavy than fo r  l ig h t  nuc le i .  Again the SU(3) r e s u l t s  give a
f i t  almost iden t ica l  to  tha t  of the ro to r .  The second quan t i ty  of 
i n t e r e s t  are the B(E2) r a t e s .  Following the ideas ou t l ined  in the 
previous paragraph we have to  know the i r r e p s  of the proton and 
neutron space separa te ly .  These are (x^ yii)=(10,4) and 
(xy,yy)= (2 0 ,4 ) . The proton weight f a c to r  is  given as w^=0.928. 
With these  numbers the B(E2) r a te s  were ca lcu la ted  and found to  be 
much too small.  An e f f e c t iv e  charge of ee f f -4 .2  i s  needed to  give 
agreement with the experimental da ta .  The r e s u l t s  fo r  the
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c a lcu la t io n s  with and without an e f f e c t iv e  charge are given in 
Table 6 .4 .  The intraband t r a n s i t i o n s  of the y r a s t  band are  shown 
in Figure 6.48.  I f  the e f fe c t iv e  charge i s  included the 
th e o r e t i c a l  and experimental r e s u l t s  agree with in  the 
u n c e r t a in t ie s  of the l a t t e r .  The reason th a t  the e f f e c t i v e  charge 
is  so much la rg e r  fo r  168£r  f or 24Mg can ^  q u a l i t a t i v e l y
understood by simple s ize  arguments. For 1 6 8 ^  ^ e  e r r o r  macje  b y  
neglecting the con tr ibu t ion  of the core nucleons (50/168) is  
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Figure 6.47. The lowest two bands for  ^®Er and the  r o ta t io n a l  
f i t  toge ther  with the corresponding SU(3) spectrum.
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Table 6 .4  Results fo r  the reduced quadrupole t r a n s i t i o n  r a t e s
B(E2; -»• JfNf) fo r  ^ E r  given in Weisskopf Units.  The
th e o re t ic a l  r e s u l t s  are shown with and without an e f f e c t i v e  
charge.
J i Ni J f Nf SU(3) SU(3) [ee f f ] EXPERIMENT
2 1 0 1 7.5 197.8 197.8
4 1 2 1 10.6 280.5 287.7
6 1 4 1 11.5 304.3
8 1 6 1 11.8 311.8 305.7
10 1 8 1 11.7 311.0 287.7
2 2 0 1 0.36 9.44 4.85
1WU = 55.620 e2fm4
600
5 0 0 -  EXP 
- -  SU(3)






Figure 6.48. B(E2) r a te s  fo r  t r a n s i t i o n s  in the y r a s t  band of
168Er.
7. Conclusion and outlook
In t h i s  chapter  we want to summarize the major r e s u l t s  and 
explore poss ib le  fu tu re  l ines  of research .  We begin with a 
ques t ion:  What has been accomplished? The answer i s  simple:
Given the th re e  moments of i n e r t i a  of a r o to r ,  the parameters of 
the  i n t e g r i t y  bas is  hamiltonian can be c a lc u la te d .  The 
e igenvalues  of the l a t t e r  reproduce very accura te ly  the r e s u l t s  of 
the  r o to r .  An agreement of s im i la r  q u a l i ty  is  found for  the B(E2) 
r a t e s .
We want to emphasize here t h a t  the r e l a t io n  between the two 
models has the ch a rac te r  of a mapping r a th e r  than of an exact 
mathematical equivalence.  This is so because the two models are 
fundamentally d i f f e r e n t .  The ro to r  p ic tu re  descr ibes  the 
phenomena of ro ta t io n  (almost) without any reference  to  the 
i n t r i n s i c  s t r u c tu r e  of the nucleus while the SU(3)-*S0(3) algebra 
i s  an extension of the she l l  model. Wavefunctions of the SU(3) 
model r e f l e c t  the f a c t  t h a t  a nucleus is  b u i l t  from d i s c r e t e  
p a r t i c l e s .  A d i r e c t  consequence of the  d i f f e re n c e  i s  the 
f i n i t e n e s s  of the SU(3) space as compared to th a t  of the r o to r .  
However, the r e s u l t s  shown here support the  ex is tence  of a 
ro ta t io n a l  par t  in the SU(3) wavefunctions. I t  appears t h a t  the 
wavefunction can be thought of as a product of two p a r t s :
YSU(3)~ $R0T *INT ( 7*1 ^
There is  a r o ta t io n a l  p a r t ,  $Rgy, t h a t  involves th re e  coordinates
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which fo r  ro to rs  are the Euler angles and the i n t r i n s i c
p a r t ,  Xj Nj . which depends on the remaining (3A-3) coordinates  ( fo r  
an A -p a r t ic le  system).
The other  c ruc ia l  ingredient  of the SU(3) model i s  the
hamiltonian,  which reproduces the r e s u l t s  of This
suggests th a t  i t  ac ts  only on the c o l l e c t i v e  pa r t  of the
wavefunction. In order  to inves t iga te  the i n t r i n s i c  p a r t  of  the
SU(3) wavefunction in more d e t a i l ,  one needs an in t e r a c t io n  th a t
probes non-ro ta t ional  phenomena.
An in te re s t in g  challenge for  the mathematically incl ined 
reader  i s  how are the SU(3) wavefunctions r e la t e d  to the
eigenfunctions  of the ro to r  which are the Lame func t ions ,  or more 
simply, the D funct ions .  In the SU(3) model a somewhat s trange 
s i t u a t i o n  e x i s t s  because matrix elements of opera tors  are
ca lcu la ted  without wri ting down the wavefunction e x p l i c i t l y .  All 
one needs to  know about the wavefunctions are t h e i r  t ransformation 
proper t ie s  under SU(3) [given by (x,y) 1 and i t s  d i f f e r e n t
subgroup chains ,  S0(3) (given by L) and SU(2)xU(l) [given by 
(eA\j) ]. This i s  s u f f i c i e n t  to  determine the allowed L-values fo r  
a given SU(3) i r r ep  and to  c a lcu la te  the matrix elements of the 
generators  and there fo re  of a hamiltonian b u i l t  from those 
genera to rs .  This s i t u a t io n  can be compared to  a Heisenberg as 
opposed to  a Schrodinger p ic tu re  of quantum mechanics.  While in 
p r in c ip le  i t  possible  to wri te  down an SU(3) wavefunction using,  
fo r  example, a technique developed by Yamanouchi (Ham 62),  in 
r e a l i t y  fo r  a l l  but the simplest cases t h i s  would lead to  very
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lengthy express ions.
For app l ica t ions  in nuclear  physics one f inds  t h a t  the lowest 
ro ta t io n a l  bands fo r  even-even nuclei grow out of the A symmetry 
c la s s  of the r o to r ,  or equ iva len t ly  from SU(3) i r r e p s  with (x s]j) 
= (e , e ) .  In our work we showed th a t  the physics of the r o to r  can 
be reproduced even i f  the shell-model space is  t runcated  down to  a 
s ing le  i r r ep  of SU(3). One way to enlarge the model i s  to include 
secondary i r r e p s .  These are not r e s t r i c t e d  to the (e ,e )  values 
fo r  (x ,y ) .  All possible  combinations can occur.  This means in 
terms of the ro to r  p ic tu re  t h a t  a l l  symmetry types are represented 
in a nucleus, but nature "picks" the A type to  be lowest in 
energy. The ro ta t io n a l  s t ru c tu re  is  best observed fo r  low 
energ ies .  I f  the e x c i ta t io n  energy is  increased mixing occurs and 
destroys  the pure ro to r  s t ru c tu r e .
The s i t u a t i o n  can be i l l u s t r a t e d  by wri t ing  the hamiltonian 
of a nucleus in the following form:
H -  Hs(j(3)+ H' (7 .2)
Consider a bas is  t h a t  is comprised of several  SU(3) 
rep re se n ta t io n s .  When H is  evaluated within t h i s  bas is  
wil l  y ie ld  a ro ta t io n a l  spectrum fo r  each value of (x ,y ) .  Mixing 
of d i f f e r e n t  rep resen ta t ions  wil l  occur only through the  H* pa r t  
of H. Whenever the res idual  p a r t  is  "small" as compared to  the 
SU(3) par t  the nucleus wil l  have ro ta t io n a l  f e a tu re s .
To i l l u s t r a t e  how the o ther  symmetries of the r o to r  en te r
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24in to  the she ll  model consider  again Mg. The dominant U(6) 
symmetry i s  [44] and the leading SU(3) i r r e p  fo r  t h i s  symmetry 
is  (x ,y )= (8 ,4 ) .  However, as shown in Table 7 .1 ,  the re  e x i s t s  a 
v a r ie ty  of secondary i r r e p s  in the [44] symmetry of U(6), which 
include a l l  combinations of the SU(3) l a b e l s .  Of course , the 
parameters of Hsu(3) are ^ xec* ^or ^he leading i r r ep  by the 
experimental da ta .  The i n e r t i a  parameters fo r  o ther  i r rep s  are 
ca lcu la ted  with these  parameter values . As shown in the t a b le  
t h i s  leads  to d i f f e r e n t  moments of  i n e r t i a  fo r  the secondary 
i r r e p s .  In t h i s  context  one can imagine the shell-model space to 
be a c o l l e c t io n  of r o to r s .  The degree of  i n t e r a c t io n  between the 
ro to rs  depends on the nuclear  system under cons ide ra t ion .
The following cons idera t ions  are s t r i c t l y  t e n t a t i v e .  They 
are given to i l l u s t r a t e  that  symmetry types o ther  than the A c la s s  
are observed experimentally .  Consider the spectrum of 
Figure 1.5.  The 1“ and 3" leve ls  a t  1349 keV and 1542 keV,
r e sp e c t iv e ly ,  are band heads. The level sequence suggests  t h a t  
these  bands might be associa ted  with e i t h e r  the Bj or  B2  symmetry 
c la s s  of the Vierergruppe. We found th a t  the i n e r t i a  e l l i p s o i d  
fo r  nuclear  ro to rs  is  usually  r a th e r  c lose to  the p ro la te  l i m i t ,  
however, in t h i s  case the spec t ra  suggests a dev ia t ion  from t h i s  
l im i t .  These two bands were f i t  with a ro to r  hamiltonian of the 
Bj symmetry. The r e s u l t  of  these c a lc u la t io n s  along with the 
experimental values are shown in Figure 7.1 . The q u a l i ty  of  the 
f i t  i s  s im i la r  to  the one of the ^Mg example. Clear ly  the
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Table 7.1 I n e r t i a  and asymmetry parameters of an SU(3) 
hamil tonian. The parameters of the i n t e g r i t y  
bas is  in t e ra c t io n  are taken from the (8,4) i r r e p
fo r  ^Mg.
( * . m) Ax Ay Az K D2 Symmetry
(8,4) 195.75 195.3 848.5 -0.998 A
(7,3) 195.29 174.87 734.48 -0.93 b2
(8,1) 174.61 164.40 734.48 -0.96 B1
(4,6) 271.59 159.68 663.0 -0.56 A
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Figure 7.1. The 1~ and the 3“ bands in and the r o ta t io n a l
f i t .  The ex c i t a t io n  energy is  normalized to the lowest 1" s t a t e .
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ro ta t io n a l  s t r u c tu re  i s  not as good as for  the two lowest bands. 
This is  connected with the notion th a t  with increasing energy 
o ther  e f f e c t s  begin to  play an important r o le .  The asymmetry 
parameter is  <=-0.43 which devia tes  considerably from the p ro la te  
l im i t .  The next step would be of course to  c a lc u la te  the 
parameters of the SU(3) hamiltonian via the mapping formulas fo r  
an i r r e p  with (x ,y) = (even,odd). This kind of  i r r e p  does appear 
as a secondary one in the coupling of the  neutron and proton 
space, but we wil l  not pursue t h i s  any fu r th e r  here because the 
negative p a r i ty  of the bands cannot be explained from the  models 
introduced thus f a r .  In addi t ion  to the SU(3) c l a s s i f i c a t i o n  of 
the  space, o ther  e f f e c t s  l ik e  p a r t i c l e -h o l e  e x c i t a t io n s  have to  be 
included to  give a complete d esc r ip t io n  and th a t  i s  ou ts ide  of the 
scope of t h i s  work.
The next point  we want to  discuss  in g rea te r  d e t a i l  i s  the 
consequence of the mapping of the invar ian ts  of the two models 
onto each o the r ,  t h a t  i s :




As shown in Sect ion 6 .5 ,  t h i s  allows one to  a s so c ia te  the  
numerical values of x and y with the parameters 6 and y of 
the  hydrodynamical model. This special case of the r o to r  model 
has been re f ined  over the years  to  include v ib ra t io n s  and o ther
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terms. The general hydrodynamical hamiltonian is  of the form 
(EisGre) :
H = HR0T+ HVIB+ HR-V ^7 *5^
What we have shown in t h i s  work is  an e s se n t ia l  equivalence of the 
SU(3) hamiltonian with the  f i r s t  term of t h i s  general ized 
c o l l e c t i v e  hamil tonian.  But the o ther  two terms describ ing
v ib ra t io n a l  degrees of freedom and r o ta t i o n - v ib r a t i o n
i n t e r a c t io n s ,  r e sp e c t iv e ly ,  depend only on the va r iab les  6 and 
y and d e r iv a t iv e s  with respect  to these  v a r ia b le s .  Since the 
expressions of these  in terms of SU(3) Casimir opera tors  are 
known, one could a t  l e a s t  formally cas t  the e n t i r e  hamiltonian of 
the r o ta t i o n - v ib ra t i o n  model in to  SU(3) form. However, the re  i s  a 
fundamental d i f fe rence  between the two models which expresses
i t s e l f  in the d i f f e r e n t  nature of the va r iab les  of the two. The 
c o l l e c t i v e  parameters 0  and y are continuous va r iab les  while
C2  and Cg are only defined for  d i s c r e t e  values of x and p.
This d i f fe rence  i s  a r e s u l t  of the physical p ic tu re s  behind the
models. In the c o l l e c t iv e  model the nucleus i s  considered to  be a 
continuous d i s t r i b u t i o n  of mat ter ,  while in the SU(3) model the 
d i s c r e t e  p a r t i c l e  s t ru c tu re  of the nucleus i s  taken in to  account.
Yet another connection with the c o l l e c t iv e  model can be 
found. In recen t  years  several authors have introduced the so-
ca l led  p o ten t ia l  energy surfaces  (PES) in terms of the 0  and
y parameters (Hes 80). They used hamiltonians of the form:
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(7.6)
Here T denotes the k in e t ic  energy. The po ten t ia l  is  b u i l t  from 
the inva r ian ts  of the c o l l e c t iv e  model:
The parameters a are determined from f i t s  to  experimental 
da ta .  The r e su l t in g  p o ten t ia l  i s  represented as a contour p lo t  in 
the (6 ,y ) -p lan e .  The q u a n t i t i e s  e and y can be replaced by 
t h e i r  SU(3) equ iva len ts .
Note t h a t  the "SU(3) p o ten t ia l "  i s  only defined fo r  d i s c r e t e
values of k and M . following these cons idera t ions  one can see
how the  p o te n t ia l  energy surface  concept of the c o l l e c t i v e  model
can be given a shell-model foundat ion.
So f a r  we have only p a r t i a l l y  exploi ted  the i n t e g r i t y  bas is
of the SU(3)-*S0(3) algebra {C^Cg.L^.X^X^} . More p r e c i s e ly ,  we
have used the k in e t ic  energy p a r t  formed by the operators  
2
{L .Xg.X^}. Within a s ingle  i r rep  the po ten t ia l  p a r t  of the 
i n t e g r i t y  bas is  adds only a constant to  the energy and
i s  th e re fo re  neglected in the ca lc u la t io n s  of the e x c i t a t io n  
spec t ra .  However, as pointed out above, i f  the  space i s  enlarged 
by add i t iona l  i r r e p s  we have to  include the Casimir opera to rs .
V ( 8 , y ) =  I  aup[b2 Iu (e3cos(3Y)]° (7.7)
v ( x , u ) -  I be u IC2r i C 3 ] p (7 .8)
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The SU(3)-*-S0(3) model might the re fo re  have importance beyond the
i n t e r p r e t a t i o n  of ro ta t io n a l  s t ru c tu re  in nuc le i .
Introducing p o ten t ia l  terms i s  but one way of extending the
presen t  hamiltonian.  An extension which would work in the same
d i r e c t io n  is  to introduce mixing terms between the k in e t i c  and
2
p o te n t ia l  opera tors  in the  i n t e g r i t y  bas is  l ik e  £ 2 * 3 * ^ 2 ^  ’ 
e t c .  This program goes hand in hand with increasing the  order  of 
the hamiltonian.  A fourth  order  hamiltonian descr ibes  r o ta t i o n a l  
behavior ,  what a f i f t h -  or  s ix th -o rde r  hamiltonian w i l l  y ie ld  
remains to be inves t iga ted .
There is  ye t  another  way of extending the present  model. I t  
is  given by the symplectic model, Sp(6,R) (GosLip 59, RosRow 79, 
RosRow 80) which represen ts  the  dynamical group of the harmonic
o s c i l l a t o r  as shown in Table 3 .1 .  The symplectic model allows fo r
e x c i t a t io n s  in to  o ther  s h e l l s  (the SU(3) model i s  r e s t r i c t e d  to  
one a c t iv e  s h e l l )  and represen ts  a more r e a l i s t i c  p ic tu re  of  the  
nucleus. As descr ibed e a r l i e r ,  the model space in the SU(3) model 
can be extended by including secondary i r r e p s .  This mixing is  
r e fe r re d  to  as horizonta l mixing because the  SU(3) i r r e p s  t h a t  
occur are a l l  in the same s h e l l ,  t h a t  i s ,  they a l l  involve the  
same t o t a l  number of o s c i l l a t o r  quanta. The Sp(6,R) model allows 
fo r  a v e r t i c a l  mixing of SU(3) i r r e p s .  The symplectic bands are 
comprised of SU(3) i r r e p s .  The band head is  in the ~pace and 
the exc i ted  i r rep s  are constructed by coupling success ive ly  
o s c i l l a t o r  quanta in s teps  to i t .  For example, fo r  ^4Mg the 
(8 ,4)  SU(3) symmetry is  the s t a r t i n g  i r r e p  and exci ted  i r r e p s
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would be those generated by coupling two e x c i t a t io n  quanta given 
by ( x, m)=(2,0) to  i t .  So there  are two ways of extending the 
b as is ,  the  one is  by allowing fo r  hor izonta l  mixing and the  o the r  
by allowing for  ve r t ic a l  mixing.
Symplectic c a lcu la t io n s  for  ^Mg gave ver^ encouraging 
r e s u l t s .  For example, the B(E2) r a te s  can be reproduced without 
introducing an e f f e c t i v e  charge (Ros 84) .  The r e s u l t s  of t h i s  
c a lc u la t io n  show th a t  80% of  the low-lying e ig e n s ta te s  are  given 
by the (x ,y)=(8,4)  conf igura t ion  and only 20% from exci ted  
i r r e p s .
There are o ther  group th e o re t i c a l  questions  of i n t e r e s t .  For 
example, the a lgebra of the c o l l e c t iv e  model i s  given by the semi- 
d i r e c t  product R(5) aS0(3) (Ui 70).  The group R(5) i s  generated 
by the components of the c o l l e c t i v e  mass quadrupole o p e ra to r ,  
which commute with each o the r ,  while the group S0(3) i s  the group 
of the angular  momentum opera to rs .  The product i s  c a l l e d  semi- 
d i r e c t  because a commutator formed from elements of  the two groups 
l i e s  with in  R(5).  I t  is  as a con trac t ion  of the group SU(3). The 
commutation ru le s  of the SU(3) generators  are given schematica l ly  
by:
[L,L] ~ L (7.9)
[L,Q] ~ Q (7.10)
IQ.Q1 ~ L (7.11)
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Defining new operators  by L' =L and Q' = eQ leads  to  the 
commutators:
[ L ' . L ' I  ~ L 1 ( 7 . 1 2 )
I Q ' . L ' J  ~ Q '  ( 7 . 1 3 )
I Q ' . Q ' I  ~ e 2 L1 ( 7 . 1 4 )
A con t rac t ion  is  defined by e - 0  with Q ‘ remaining f i n i t e  (InoWig
53). In t h i s  l im i t  one recovers  the commutation ru le s  of the
c o l l e c t i v e  algebra s ince the  l a s t  of the commutators vanishes,
th a t  i s ,  in the l im i t  the components of the quadrupole operator
commute. This leads to  the conclusion t h a t  in some asymptotic
?
l i m i t ,  or more accura te ly  i f  / < C 2 > »  / < L  >, the SU(3) model goes 
over in to  the c o l l e c t i v e  model. However, as we have shown the 
success of the mapping i s  va l id  fo r  a l l  values of ( x ,y ) .  From 
group t h e o r e t i c a l  arguments alone one cannot a n t i c ip a t e  the degree 
of the success of the mapping.
A con t r ibu t ion  to understanding the equivalence of  the 
SU(3) model and the r o to r ,  which was only b r i e f l y  mentioned, is  
the work of F il ippov.  In h is  paper he t r i e s  to rew ri te  the SU(3) 
hamiltonian in terms of the i n t r i n s i c  components of the angular 
momentum o p e ra to rs .  His r e s u l t s  are s im i la r  to  ours.  However, he 
uses an e n t i r e l y  an a ly t ic  approach th a t  can be shown to  be r e l a t e d  
to a Dyson-boson r e a l i z a t i o n  of the algebra.  As a r e s u l t  he has
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non-hermitian terms in his  hamiltonian. F i l ip p o v 's  approach is  
much more mathematically involved than ours .  I t  serves  to 
e s t a b l i s h  a d e f in i t io n  of an i n t r i n s i c  coordinate  system fo r  
H$u(3 )» in analogy with the ro to r  model.
Our work dea l t  exclusively  with even-even nuc le i .  A logica l  
ex tension is  the re fo re  to a desc r ip t ion  of odd-A nuc le i .  For the 
SU(3) model t h i s  will  provide no conceptual d i f f i c u l t i e s .  The 
values of the i r rep s  wi l l  change due to  the addi t ion  of a p a r t i c l e  
and the  s t a t e s  wil l  have to be labe l led  by |LSJ> where J denotes 
the t o t a l  angular momentum since the i n t r i n s i c  spin S is  nonzero. 
For the ro to r  the s i t u a t io n  is d i f f e r e n t ,  a c tu a l ly  one has to
develop a new model, the so-ca l led  p a r t i c l e - r o t o r  model (Dav 
65). The e s se n t ia l  fea tu re  here i s  tha t  the nucleus i s  considered 
to  be a ro ta t in g  core with the odd p a r t i c l e  coupled to i t .  This 
separa t ion  seems a r t i f i c i a l  and the r e su l t in g  model loses much of 
the s im p l ic i ty  of the or ig ina l  ro to r  model. Nonetheless,  i t  has
been used fo r  the desc r ip t ion  of odd-A nuclei and y ie ld s  good
agreement with the experimental r e s u l t s  (Mey 75, TokFae 75)
The f in a l  point  we want to address in t h i s  chapter  i s  the
r e l a t i o n  between the model hamiltonian and the d i f f e r e n t
e f f e c t i v e  hamiltonians t r a d i t i o n a l l y  used in shell-model 
c a lc u la t io n s .  In order  to  compare these  i n t e ra c t io n s  a measure 
has to  be defined.  This i s  done by wri ting  both hamiltonians in 
terms of SU(3) tensors .  We simply explain the main ideas behind 
the theory,  without going into the technical  d e ta i l  of the 
procedure. Much b e t t e r  known than an SU(3) tensor  decomposition
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of an in te ra c t io n  i s  a c l a s s i f i c a t i o n  in terms of S0(3) ten so rs .  
For example, an in te ra c t io n  can have s c a l a r ,  vec tor ,  o r  tensor  
ch a rac te r .  S im ila r ly ,  one can c l a s s i f y  an in t e ra c t io n  according 
to  i t s  t ransformation proper t ies  under the group SU(3) which is  
determined by the rep resen ta t ion  labe ls  (*gUg) • ^or  the  m°del 
hamiltonian t h i s  leads to :
< ( \ m) kLM|Hs u ( 3 ) | ( xm) k , L,M> = (7.15)
£ Cp I a , b , c : x , y , x >qMq 1 < ( xm) kL; (Xq,pq)kqLq| | ( Xy) k: L > (7.16)
X q M q P
Here p denotes a m u l t i p l i c i t y  l ab e l .  One f inds  t h a t  the model 
i n t e r a c t io n  i s  comprised of one (00) and th ree  (22) t e n so r s .  A 
s im i la r  exerc ise  can be done for  an e f f e c t iv e  hamiltonian.  Take a 
simple example l ike  the pair ing-plus-quadrupole  p o ten t ia l  used 
ex tens ive ly  by Baranger and Kumar (BarKum 68):
V= a J 1? + eQ-Q +yP (7.17)
When evaluated between SU(3) s t a t e s  t h i s  r e s u l t s  in:
<(x u) kLM|V|(xu) k'L ‘> = (7.18)
£ Dp[oi»B»Y»X,p,XQ,pQ] < (Xp)kL; (XqVq ) kqLq | | ( Xp)< 1L 1 >p
(7.19)xoyop
For the ds shel l  t h i s  r e s u l t s  in one (00),  th ree  (22),  and f ive
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(44) t e n so r s ,  a to t a l  of nine a l to g e th e r .  The l ine  of thought is  
now the following.  The "C" c o e f f i c i e n t s  of the model in t e r a c t io n  
are determined by the parameters of the SU(3) hamiltonian which we 
know gives a ro ta t io n a l  spectrum. Our goal is  to f ind  a s e t  of 
parameters fo r  the e f f e c t iv e  in te ra c t io n  {o,b,y} such th a t  the 
"D" c o e f f i c i e n t s  become as close as poss ib le  to the "C" 
c o e f f i c i e n t s .  This program usually  r e s u l t s  in to  an overdetermined 
system of equations.  In the present  examples we have nine "D" 
c o e f f i c i e n t s  in the e f f e c t iv e  hamiltonian which have to  be f i t t e d  
to nine "C" c o e f f i c i e n t  ( f ive  of which are zero) .  However, the re  
are only th ree  parameters th a t  can be ad jus ted .  Therefore a 
so lu t ion  can only be defined in a l eas t - squares  sense. The 
r e s u l t s  of the tensor  decomposition are shown in Figure 6.50 fo r  
the model hamiltonian and various e f f e c t iv e  i n t e r a c t io n s .  They 
ind ica te  t h a t  none of these  i s  able to  reproduce the  values of 
H$y(3 ) very wel l .  The e f f e c t  fo r  the level spectrum i s  shown in 
Figure 6.51 fo r  some low-lying leve ls  fo r  ^Mg. The parameters of 
the e f f e c t i v e  hamiltonians cannot be renormalized to produce the  
c o r re c t  r o ta t io n a l  spectrum within a s ingle  SU(3) i r r e p .  These 
r e s u l t s  may lead to  a d i f f e r e n t  approach to  the renormalizat ion  
problem th a t  was discussed in Chapter one. Apparently the change 
in the in t e ra c t io n  when i t  is  used in such a small space i s  f a r  
beyond the p e r tu rba t ive  region.  The r e s u l t s  suggest t h a t  large 
renormalizat ions  may be required th a t  include changing the  
p a r t i c l e  rank of the in te ra c t io n  to  reproduce r o ta t i o n a l  spec t ra  
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Figure 7 .3 .  The spec t ra  r e s u l t i n g  from the e f f e c t i v e  hamil tonians 
when the  tensors  have the s t ren g th s  given in Figure 7 .2.
8. The f in a l words
So we have seen th a t  two apparent ly  very d i f f e r e n t  modes in 
n u c le i ,  s i n g l e - p a r t i c l e  and c o l l e c t i v e  behavior ,  are not so 
d i f f e r e n t  a f t e r  a l l .  At t h i s  point we are reminded th a t  nuclear 
physics is  not the only area where competi tion between c o l l e c t i v e  
and s i n g l e - p a r t i c l e  e f f e c t s  are found. Another example is  atomic 
phys ics ,  and s p e c i f i c a l l y ,  we r e fe r  to  the hyperspherical  approach 
(Fan 84). Consider the H" ion. The motion of the e lec t ro n s  is 
highly co r re la ted  and f a r  from being in d e p e n d e n t - p a r t i c l e - l i k e  in 
many a sp ec t s .  The use of hyperspherical coordina tes  is  a 
t ransfo rm at ion  to  c o l l e c t i v e  coo rd ina tes .  Within t h i s  
" c o l l e c t i v e "  model the behavior of H~ can be much b e t t e r  
understood than in terms of a s i n g l e - p a r t i c l e  p i c tu r e .
But l e t  us re turn  to  nuclear  physics and the SU(3) model. 
I t s  roots  go back to  the 19501 s when many major developments 
occurred.  In the t r a d i t i o n a l  approach (Ell 58) leading i r r e p s  are 
determined and an e f f e c t i v e  hamiltonian is  ca lcu la ted  in th a t  
bas is  and d iagonal ized .  However, the r e s u l t s  of the l a s t  chapter  
suggest th a t  such an approach wil l  have only l imited success .  We 
took a d i f f e r e n t  approach to  the problem. We re jec ted  t r a d i t i o n a l  
forms fo r  hamil tonians and chose only to  work with a model 
i n t e r a c t io n  th a t  is  r e l a t i v e l y  easy to  eva lua te .  Our approach can 
be compared to  an experiment were a l l  the parameters are 
c o n t r o l l e d .  Every change in the environment is  well de f ined ,  easy 
to  understand and analyze.  For example, i f  the p a r t i c l e  rank of 
the  hamiltonian i s  increased the  i n t e g r i t y  bas is  approach
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p resc r ibes  what add i t ional  operators  should be included. The 
bas is  can be expanded by including secondary SU(3) i r r e p s  or 
extending the model to the symplectic algebra and allow fo r  
v e r t i c a l  mixing.
So, even though i t  has been a long time since the SU(3) model 
f i r s t  appeared on the nuclear  s tage ,  we are confident  t h a t  our 
work provides a novel add i t ion .  In conclusion we quote an old 
Indian proverb (SudMuk 74) t h a t  best describes  our SU(3) 
experiences:
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Appendix A Derivation of the formula for the reduced
tr a n sit io n  prob ab ility  in the asymmetric rotor 
model
The reduced t r a n s i t i o n  p ro b a b i l i ty  fo r  e l e c t r i c  quadrupole 
r a d ia t io n  i s  given by:
2Jf +l 2
B(E2;J -  J ) = -J— |<J | |Qe | | J - > r  (A. 1)
1 T 2J.+1 r 1
0
The opera tor  Q re fe r s  to  the labora tory  system. In order  to 
eva lua te  i t  properly one has to  transform t h i s  to the p r in c ip a l -  
axis frame of the r o to r .  The i n t r i n s i c  quadrupole opera tor  is
r e l a t e d  to the lab-frame opera tor  by:
Qf= T D2 (q) Q®>1ntr  (A.2)
M- jr Un
The components of Qe »ln t r  arg parame^ r -jzecj by kg= <Qg’^n^ r > 
and k^~  \  <Q|’ ^n^ r + Q®»i n t r  > . jbe  i n t r i n s i c  frame is  defined by
0  'j p
> =0 so t h a t  the quadrupole operator  assumes the e x p l i c i t
form:
9" = e k OCDp O + 7 ? (D^  + V 2 )]  (A‘ 3)
This opera tor  is  evaluated between e ig e n s ta te s  of the asymmetric 
ro to r  given by:
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¥ (Xp)vJ = y  c ( X m ) v L  (------ 2J+1----------[DJ ^ jA + h + J j j  ] (A.4)
M K K 16ttZ(1+6k 0 ) MK
In order  to  evaluate  t h i s  expression one has to  sum in t e g r a l s  over 
var ious  products of th ree  D func t ions .  These in t e g ra l s  are  known 
in closed form. After  some lengthy c a lc u la t io n s  the  matr ix 
elements of Qe can be reduced to :
<(xf yf )vf J f Mf |Qe | (xi Mi ) v . J i M-j> =
e kn 2J.+1 , a .+a_+a .
 -  I— 1— 1 (JjM.2 p | J f M f )  H + ( - l )  1 f  J ]
2 2Jf +l 1 r f
x I  I  C*(xf Mf )x,d f  C(xi yi )v i^ i [(1+6. n ) ( l+ 6K n )] '  
Kx>0 K.>0 Kf  i Kf ’°  i
x { (J .K.2  0 | J f Kf ) + (-1) 1( J i -Ki 2 0 | J f Kf )
+ ^ [ ( J ^  2 | J f Kf ) + ( - l ) Ai( J r K.2 2 | J f Kf )
+ (J .K.2  - 2 | J f Mf )]} (A.5)
The va r iab le s  a . , Af  and a . stand fo r :
I I J
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Aj= J . + J f +2 ( A . 6)
From t h i s  expression the B(E2) r a t e s  can be obtained by squaring 
the whole express ion,  averaging over i n i t i a l  M-states and summing 
over f in a l  M-states.  This then y ie ld s  the f in a l  express ion fo r  
the B(E2) r a t e s  in the r o ta t io n a l  model:
B(E2;J..v.-» =
2 2e kn a .+a.+a . 0
- T T  Uh-( -I)  ] X
I I
C * ( X f P f ) v f J f  c (xi yi )v. J .
Kf Ki
Kf - °  / l ( 1+6K . , 0 ^ 1+6Kf , 0 ^
Ki^°  1 A.
{ (J .K.2 0 | J f Kf ) + (-1) 1( J i -K.2 0 | J f Kf )
+ - f e  [ ( J i Ki 2 2 | J f Mf ) + ( - l ) Ai( J 1-K12 2 | J f Kf )
+ ( J i K.2 - 2 1Jf Kf ) ]} | : (A.7)
From t h i s  formula one can deduce th a t  there  can be no e l e c t r i c  
quadrupole t r a n s i t i o n s  between the d i f f e r e n t  symmetry c la s se s  of 
the r o to r .  The t r a n s i t i o n  between ro to r  symmetries fo r  which 
(xi+u . )* (x f+yf ) i s  ruled out because the phase f a c to r  
A.j+ Af + Aj= (xi+ui )+(xf +pf ) + 2J..+2 is  odd. This r u le  ru le s  out 
only some of the t r a n s i t i o n s .  The remaining ones are forbidden 
because fo r  them |K.-Kf |= 1 ,3 , . .  and the re fo re  the Clebsch-Gordan
c o e f f i c i e n t s  vanish.
Appendix B. A nalytic expressions for  the matrix elements of Xg 
and X*
Due to recent  work by the Belgium group (Mey 85) ana ly t ica l  
expressions can be given fo r  the matrix elements of the n o n t r iv ia l  
i n t e g r i t y  basis  opera tors  in the  nonorthogonal E l l i o t t  bas is .  
Orthogonal s t a t e s  are labe l led  as usual by < as opposed to  the  
nonorthogonal label K. An opera tor  0 in the orthogonal b as is ,  as 
used in t h i s  paper is  is  given by:
<( \ | i )< 'L |  10 j | (\|i)icL> =
T A i w i A „ <(X|i)K' L | 10 1 | ( \p)KL> ( B . l )
I 1C N
The A are or thonormaliza t ion  matr ices  th a t  can be determined 
numerical ly .  The opera tor  0 i s  evaluated in a nonorthoganal, and 
unnormalized b a s is .  As a r e s u l t  we have:
<(X,n)K, L | |0 | | (x ,p )K L >  (B.2)
V 0|/ ' l/<(x ,p)K'L| (\,n)KL> (B.3)
K'=K, K+2 * N
This r e s u l t  d i f f e r s  from 0Ki^ because the nonorthognal s t a t e s  
have:
<( \ ,p )K 'L |  ( \ , jj,)KL> * 6kk . (B.4)
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The operator  0 can be e i t h e r  X® or . For the  former the
r e s u l t s  fo r  the matrix elements <(xu)K'L||X®||(xp)KL>
are:
[X3 ]Kk= (1 / /1 0 ) (2 x+m+3)[L(L+1)-3K2 ]
lX3 1K±2 jK = - / ( 3 / 2 ° ) [ 3 ( lJ- ( ±K ) ) ( p ±K+ 2 ) ( L±K+2) (B.5)
x (L ± K + l ) (L - (± K ) )  ( L - ( ± K ) - 1 ) / 2 J %
The matrix elements of the four th  order  operator  are given by:
X*= [a-16C2L2+12L4+36L2 ]/20 (B.6)
The nontr iva l  pa r t  are the matrix elements of the operator  a :






| a ] K±2,K = 6[ ( m- ( ± K ) )  (vi±K+2)(L±K+2) (L±K+1) (B .7 )
x ( - ± ( K ) ) (L + K - l )  ]^ (2 \+ | j - (± 3 K ) )
The opera tors  are t r id iagona l  in the nonorthogonal scheme. We 
found th a t  fo r  a l l  p r a c t ic a l  purposes the matrices  are  t r id ia g o n a l  
in the orthogonal b a s is .  This cannot be understood from the 
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